THE SUBGROUP COMPOSED OF THE SUBSTITUTIONS WHICH 
OMIT A LETTER OF A TRANSITIVE GROUP* 


BY 
G. A. MILLER 


1. INTRODUCTION 

In a transitive group of order g and of degree n the subgroup G, 
composed of all the substitutions of G which omit a given letter is of 
order g/n. The properties of G@, frequently throw light on the possible 
properties of G. In particular, when G, is transitive and of degree n—1, 
G must be multiply transitive, but when G, is of a lower degree than 
n—1, there must be at least one substitution besides identity which is 
commutative with every substitution of G. If the order of such a sub- 
stitution is less than « its systems of intransitivity are systems of im- 
primitivity of G. Hence it results that, when G is primitive and G, is not 
of degree n—1, G must be the regular group of prime order p. 

While a number of such properties relating to G, have been known for 
a long time little has been done towards determining the possible substitution 
groups which involve a particular G,. For instance, when G, is the symmetric 
group of degree m, G must be the symmetric group of degree m-+1., 
except in the special case when m = 2. In this case it may also be the 
octie group of degree 4, as is well known, but it cannot be any other 
group. This theorem results directly from the facts that there is no sub- 
stitution on the letters of the symmetric group of degree m >> 2 which is 
commutative with every substitution of this symmetric group and that a regular 
group of degree m can always be used as the G, for at least one transitive 
group of degree 2 and of order 2m. In a similar manner it results that 
every alternating group, except the alternating group of degree 3, can 
appear as the G, of only the alternating group of the next larger degree, 
while the alternating group of degree 3 is also the G, of a group of 
order 18 and of degree 6. 

As a special case of the theorems just stated there results the well 
known theorem, first proved by Ruffini, that there is no four-valued rational 
function on five variables. In fact, if such a function were possible there 
would be a transitive substitution group of order 30 and of degree 5. 
The G, of this group would have to be the symmetric group of degree 3 
since there is no other group of order 6 on less than 5 letters. The fact 
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that there is no three-valued function on five letters follows also from well 
known properties of G,. If such a function were possible there would be 
a transitive group of degree 5 and of order 40. The G, of this group 
would be the octic group of degree 4, since this is the only group of 
order 8 whose degree is less than 5. If G, were this octic group, the 
cycles of order 2 in G would involve more than 40 letters and hence G 
would involve substitutions of degree 5 containing cycles of order 2. This 
is impossible since such substitutions would be of order 6, and 6 does not 
divide 40. A general theorem which covers this case may be stated as follows: 

If cycles which appear in as many sets of conjugates under G as under 
G, are contained in substitutions whose degree is less than n—1, then 
cycles of this order appear also im substitutions of degree n contained in G, 

From the fact that the number of letters omitted by G, must divide 
the degree of G it results directly that a group of degree m cannot appear 
as the G, of a group unless the degree of this group is one of the following 
m numbers: m-+ 1, m-+-2,---, 2m. In particular, the number of the 
different transitive substitution groups which involve the same substitution 
group as a subgroup composed of all the substitutions which omit one 
letter is always finite. In faet, if this substitution group is of degree m 
the number of these transitive groups is clearly less than the number of 
the possible transitive groups on m-+- 1, m-+-2,---, 2m letters. As the 
number of the possible substitution groups on a given number of letters 
is finite our theorem is obviously true. From the fact that the number 
of letters omitted by all the substitutions of @ which omit one letter is 
a divisor of the degree of G,, as well as of the degree of G, it results 
that the only group of degree m which is a G, of at least one group of 
each of the m degrees m-}+-1, m-|-2,--+, 2m is the group of order and 
of degree 2. From the same fact it results also that a group of prime 
degree p cannot be the G, of any group unless the degree of this group 
is either p-} 1 or 2p. In the latter case this group of prime degree must also 
be regular. 

2. THE SUBGROUP G, HAS A PRIME ORDER 

At the close of the preceding section it was noted that when G, is of 
a prime degree p it cannot appear in any transitive group unless the 
degree of @ is either p+-1 or 2p. In the latter case G is imprimitive 
and G, is regular. There is obviously one, and only one, such group for 
every prime number p. Its order is 2p* and it can be constructed by 
extending by means of a substitution of order 2 and of degree 2p the 
direct product of two regular groups of order p. Hence all the transitive 
substitution groups which involve as a G, a group of prime degree p but 
have themselves a degree which exceeds »-—- 1 are completely determined. 
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When G, is regular and of degree » the group G of degree p-+ 1 is 
clearly impossible unless p-}- 1 is either 3 or of the form 2°. In the latter 
case @ contains the abelian group of order 2“ and of type (1, 1, 1. ---) 
as a characteristic subgroup, while all of the remaining substitutions are of 
order and degree »p. Since the order of the group of isomorphisms of this 
abelian group is not divisible by p® it results that all of its subgroups of 
order p are conjugate, and hence there is only one such group of order p-2°. 
This completes a proot of the following theorem: 

The regular group of odd prime order p is always the Gy of one and only 
one transitive group of degree 2p. In the special case when p is of the 


form 2©——1 7t is also the G, of one and only one group of degree p-+ 1. 


It cannot be the Gy of any other transitive group. 

The regular group of order 2 is obviously the G, of the octie group 
and also of the symmetric group of degree 3. 

The developments which precede clearly constitute a special case of 
those which relate to the groups whose G, is of prime order p but involves 
k > 1 eyeles. When the corresponding is of degree kyp-+ 1 it is well 
known that it involves a characteristic regular group of order ky-+- 1 and 
that all its remaining substitutions are regular and of degree kp. At least 
one such group is evidently always possible when ip -} 1 is of the form 2°. 
It is also always possible when p 2 since any abelian regular group o! 
order 2k-+-1 may be extended by a substitution of order 2 and of degree 2/, 
which transforms into their inverses all the substitutions of this regular 
group. As these are the only possible groups of degree 2/4-+ 1 when G; 
is generated by a substitution of order 2 and of degree 2/ it results that 
the number of the transitive groups of degree 2k -+- 1 which have for their G, 
the group of order 2 and of degree 2k is exactly the same as the number of 
the abstract abelian groups of order 2h kk being an arbitrary positive 
mnteger. 

When G, is of order 2 and of degree 2” the degree of G is of the 
form 2% +2? where 8 < «, according to a theorem noted above. It is not 
difficult to prove that & can have every integral value from 0 to «. As 8 
can have no other value according to the general theorem to which we 
have just referred it results that when G, is of order 2 and of degree 2” 
the possible degrees of G are completely known. To prove that 8 ean 
have every value from 0 to «@ it is only necessary to note that when 
has any one of these values it is possible to construct a regular abelian 


group of order 2“ + 2° whieh involves a subgroup of order 2’ and of type 
(1, 1,1, ---) while the order of the remaining substitutions exceeds 2. 
Hence there is a substitution of order 2 and of degree 2“ which transforms 


every substitution of this regular group into its inverse. 
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In fact, the number of the substitutions which have this property is 
obviously 2°? 4-1. In the special case when 8 = 0 we thus obtain one 
of the generalized dihedral groups noted at the close of the next to the 
preceding paragraph. While all the possible groups are known in this 
case this is not true in general. In fact, when 8 > 0 it is sometimes possible 
to extend a non-abelian regular group so as to obtain one of the groups 
in question, as may be seen from the fact that when « = 3 and 8 = 2 
the regular tetrahedral group may be extended by means of a substitution 
of order 2 and of degree 2“ so as to obtain a group whose G, is of order 2 
and of degree 2“. 

The preceding developments exhibit the interesting fact that G, can be 
so chosen that the number of the different possible degrees of the corre- 
sponding transitive groups exceeds any given number, since when G, is of 
order 2 and of degree 2“ the number of such possible degrees is exactly 
«+1, where @ is an arbitrary positive integer. Hence the theorem noted 
in the Introduction of the present article, which states that a given G, 
can appear in only a finite number of transitive groups as the subgroup 
composed of all the substitutions which omit a given letter, does not imply 
that there is a number which cannot be exceeded by the number of the 
different transitive groups which involve the same group for their G,. In 
fact, such a number does not exist, according to the theorem just proved. 

We noted above that when § has one extreme value, viz., 0, the possible 
groups are well known. When @ has the other extreme value, viz., @, it 
is easy to prove that @ involves a subgroup of half its order which can 
be constructed by establishing a (2,2) isomorphism between two regular 
groups of order 2“—-'. To prove this theorem it may first be noted that, 
when 4 has this maximal value G, has two conjugates under G, and hence 
it must be transformed into itself by exactly one-half of the substitutions 
of G. These substitutions constitute a subgroup of one-half of the order 
of G and they inelude the two conjugates of G, since these conjugates 
involve no common letter and are therefore commutative. Since all of the 
remaining substitutions of G are of degree 2“*! this subgroup must be 
intransitive and involve two systems of intransitivity. 

The fact that the two transitive constituents of this intransitive subgroup 
are regular follows from the degree and order of G,. It results, in particular, 
that G involves at least one set of systems of imprimitivity whose con- 
stituents are of degree 2“, as well as one whose constituents are of degree 2. 
Moreover, it is evident that if we can establish a (2,2) isomorphism between 
any two conjugate regular groups such that the group thus formed can 
be extended by a substitution which interchanges its systems of intransit- 
ivity, transforms it into itself. and has its square in it. we obtain a group 
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whose G, is of order 2 and has two conjugates under the group. It 
should also be noted that the G, of every non-regular group of degree x 
has the property that it and any one of its conjugates which differs from 
it generates a group of degree n, for if this were not the case the group 
which they generate would be contained in G,. Hence the theorem: 
Every two different subgroups which are separately composed of all the 
substitutions which omit one letter of a transitive group of degree n must 


generate a group of degree n. 


3. THE SUBGROUP G;, IS TRANSITIVE 

When G;, is a transitive group of degree m whose subgroup composed 
of all the substitutions which omit one letter is of degree m—r, then 
the degree of G cannot exceed m-+ 7. In fact, this degree is m-+k, 
where i is a divisor of 7, as may be seen directly from the fact that the 
k substitutions which are commutative with every substitution of G must 
be commutative with every substitution of G,, but the substitutions which 
have the latter property and involve only the letters of G, constitute a 
group of order + whose transitive constituents are known to be regular 
groups. In particular, it results from these considerations that a necessary 
and sufficient condition that a transitive group of degree m can appear as 
the G, of a transitive group of degree 2m is that the former group be regular. 

From the preceding paragraph it results directly that, when G, is a 
non-regular primitive group of degree m, G must be a primitive group of 
degree m-+1. It is not always possible to construct such a primitive 
group of degree m-+1 when G;, is given. It was noted in the Introduction 
that, when G, is non-abelian and either alternating or symmetric, there 
is one and only one transitive group of degree m--1 whose subgroup 
composed of all its substitutions which omit one letter constitutes this G,. 
Hence it is easy to verify that 6 is the smaliest value of m such that a 
primitive group of degree m cannot be used as the G, of any transitive 
group whatever. In fact, neither of the two well known primitive groups of 
degree 6 and of orders 60 and 120 respectively can appear as the G, of a group 
of degree 7, since the cycles of order 7 would all have to be conjugate if the 
group were of order 840 and hence the number of the subgroups of order 7 
would be 20, which is incongruent to unity modulo 7, and if the group were 
of order 420 there would be at most three sets of conjugate cycles of order 7, 
but the number of subgroups of order 7 could not be 10, 20, or 30. 

It was noted in the preceding section that when G, is of order 2 and 
of degree 2“ it appears in transitive groups of exactly «¢ + 1 different degrees. 
When G; is transitive and of degree 2° it obviously appears also in transitive 
groups of @-+-1 different degrees when «@ is 1 or 2, but when @ is 3 this 
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is not the case. In fact, a transitive group of degree 2“ can appear in 
transitive groups of « + 1 different degrees only when the group of degree 2“ 
is regular, since all such degrees must be of the form 2°+2° where 
&8<|e«-+1, and there is no transitive group of degree 10 whose G;, is 
a regular group of degree 8. This fact results directly from Sylow’s theorem, 
since a group of order 80 contains either 1 or 16 subgroups of order 5. If it 
contains only one such subgroup it must involve an abelian group of order 20, 
but an abelian group of this order cannot be represented on ten letters. If it 
contains 16 such subgroups it contains also an invariant subgroup of order 16 
and this must involve five systems of intransitivity when it is represented on 
ten letters. Hence it could not involve a regular subgroup of order 8. 

While it results from the preceding paragraph that for at least one value 
of @ it is impossible to construct transitive groups of as many as «+1 
different degrees whose G;, is a transitive group of degree 2“ it is easy to 
prove that it is always possible to construct a transitive group of degree 
2 + 2-1 whose G, is a transitive group of degree 2“. In fact, to construct 
such a group in which G, is the regular abelian group of order 2“ and 
of type (1. 1, 1, ---) we may first construct two abelian groups of order 2“—? 
and of degree 2“ whose two transitive constituents are regular groups of 
type (1. 1, 1,---) such that these two abelian groups have one transitive 
constituent in common. The direct product of these two groups is of 
degree 2“-++- 2°! and its three transitive constituents can be transformed 
according to the symmetric group of degree 3 so as to obtain two transitive 
groups of order 3-2“ whose three Sylow subgroups of order 2% are abelian 
and regular. Hence it results that for every value of «¢>1 it is possible 
to construct two transitive groups of deyree 2©-+- 2° which have for their G, 
an abelian regular group of order 2°. It may be noted that the two transitive 
groups of degree 6 which are simply isomorphic with the symmetric group 
of degree 4 are illustrations of this general theorem. 

It results from the preceding paragraph that there are always transitive 
groups of at least two different degrees which involve for their common G, 
a certain regular group of order 2“ but it is not known whether it is possible 
to construct a transitive group which appears as the common G, of transitive 
groups of a number of different degrees exceeding an arbitrarily large number. 
Hence we do not have here a theorem which corresponds to the theorem 
established in the preceding section as regards transitive groups which have 
tor their common G, an intransitive group of order 2. A necessary and 
sufficient condition that some regular group of degree m is the G, of 
a transitive group of degree m-+1 is that m-+1 is a power of a prime 
number. If there is only one such regular group it is well known to be cyclic. 

When G, is a transitive group of degree m and @ is of degree m+ k, 
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k>1, then G must transform m/k--1 systems of imprimitivity according 
to a multiply transitive group. In particular, when G, is a regular group 
which transforms each of its systems of imprimitivity, involving * letters 
in a set, according to a regular group, then m/k+1 is either a prime 
number or a power of some prime number. This is obviously always the 
case when G;, is abelian. From the fact that the systems of imprimitivity 
of such a group are transformed according to a multiply transitive group 
whose class is one less than its degree it results that a regular abelian group 
of order m cannot appear as the G, of u transitive group of degree m+ k 
except when m/k-+-1 is either a prime number or a power of such a number. 

It was noted above that the cyclic regular group of degree 4 is the G, o7 
a transitive group of degree 6. It is not difficult to prove that the cyclic 
regular group of order m cannot be the G, of a transitive group of degree 
m-+2 whenever m>4. Such a group G would contain m/2 +1 conjugates 
of G, and hence each of these conjugates would be transformed into itself 
by exactly 2m substitutions of G. Each of these conjugates would be trans- 
formed into itself by exactly two substitutions found in each of the others. 
Hence all the substitutions of order 2 found in these conjugates would 
be commutative and would generate an abelian group which would trans- 
form each of these conjugates into itself. As this abelian group could not 
have more than two substitutions in common with one of these conjugates 
its order could not exceed 4. Hence m/2+1 could not exceed 3. That is, 
m could not exceed 4, which is in accord with the statement made above. 
This proof evidently applies also to all other regular groups which contain 
only one subgroup of order 2. 

By a method which is somewhat similar to the one employed in the 
preceding paragraph it is easy to prove that many other regular groups 
of order m cannot appear as the G, of some transitive group of degree 
m-+-2. In particular, when m is of the form 2° it is well known that 
every possible non-cyclic group of order 2“ with the exception of 3 groups 
contain’ an invariant non-cyclic subgroup of order 4 whenever « > 3.* 
We proceed to prove that when a group of order 2© which involves a non- 
cyclic invariant subgroup of order 4 is represented as a regular group then 
its group of isomorphisms cannot involve a substitution of order 2 and of 
degree 2°— 2. If such a substitution s could exist it would have to trans- 
form two of the substitutions of order 2 contained in the given invariant 
subgroup of order 4 into themselves multiplied by the third of its sub- 
stitutions of order 2. The substitution s would also have to transform 
a substitution not found in the given non-cyclic subgroup of order 4 into 


G. A. Miller. these Transactions. vol. 6 (190d). 


144 G. A. MILLER [April 


itself multiplied by one of the two substitutions of this subgroup with which 
it is not commutative. From this fact it follows directly that s* could not 
be identity, and hence s could not be of order 2 as was assumed. 

From the preceding two paragraphs, it results that if a regular group 
of order 2“ appears as the (, of a transitive group of degree 2“+ 2, 
« > 2, it cannot be either cyclic or dicyclic, and it cannot contain a non- 
cyclic invariant subgroup of order 4. Hence it must be one of two groups, 
viz., the dihedral group or the group of order 2“ which involves operators 
of order 2“-? and 2“-°+1 operators of order 2. The latter must be 
excluded since its group of isomorphisms cannot involve a substitution of 
order 2 and degree 2“—2 when this group is represented as a regular 
substitution group. It remains therefore only to consider whether the regular 
dihedral group of order 2“, « > 3, can be the G, of a transitive group of 
degree 2“°+-2. We proceed to prove that this is impossible. 

Suppose that there existed a transitive group G of degree 2“+-2 whose 
G, is the regular dihedral group of order 2“, @ > 3. The subgroup G, 
must be transformed into itself by 2“? substitutions of G. These sub- 
stitutions constitute an intransitive group whose two transitive constituents 
are of degree 2 and 2 respectively. The transitive constituent of degree 
2© must involve a substitution s of order 2 and of degree 2“~—2 which 
is commutative with 2 and only 2 of the substitutions of G,. It is well 
known that the group of isomorphisms of G, is simply isomorphic with 
the holomorph of the cyclic group of order 2“~'.* Hence this group of 
isomorphisms involves 2“~'-++- 2“—*-+-2-- 1 operators of order 2. The given 
substitution s must therefore transform the substitutions of order 2“—! con- 
tained in G, into their inverses while it transforms the non-invariant 
substitutions of order 2 in G, into themselves multiplied by operators of 
order 2“—'. It results from this property of s that the group generated 
by G, and s is the dihedral group of order 2¢+1. Hence @ must involve 
this dihedral group, represented as an intransitive group having transitive 
constituents of degrees 2 and 2“ respectively. 

From the preceding paragraph it results that the substitution of order 2 
which is commutative with every substitution of G must have for its con- 
stituent of degree 2“ the substitution of order 2 generated by a substitution 
of order 2“ found in the given dihedral group of order 2“*!. There would 
be 2°-1+-1 conjugates of this dihedral group in G. Two of these con- 
jugates would have in common 2°— 2 letters and hence the substitutions 
of order 2 which are commutative with all the substitutions found in these 
two conjugates and involve only their letters would have more than one 
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cyele in common since they could involve only cycles which are found in the 
substitution of order 2 which is commutative with every substitution of G. 
As this is impossible we have established the following general theorem: 

A regular group of order 2“, «> 2, cannot appear as the subgroup composed 
of all the substitutions which omit one letter of a transitive group of degree 2°+-2. 

The theorem noted above that a regular cyclic group of order m cannot 
be the G, of a transitive group of degree m-+2 whenever m > 4 is ob- 
viously a special case of the following theorem: 

If a regular abelian group of order m is the G, of « transitive group of 
deqgreem-+k, then m 2k. 

To prove this theorem it may first be noted that every two different 
conjugates of G, must involve all the letters of this transitive group G of 
degree m+. The k substitutions which are commutative with every 
substitution of G must therefore have constituents of degree m in common 
with substitutions of these two conjugates of G, respectively. Hence these 
conjugates cannot have more than k letters in common. If they have 
k letters in common it results that 2m—hk = m-+k, and hence m = 2k. 
If they have less than / letters in common m is evidently less than 2/. Hence 
the theorem under consideration has been established. The fact that this 
theorem does not hold for regular non-abelian groups results directly from the 
group of isomorphisms of the non-cyclic group of order 9, since this is a tran- 
sitive group of degree 8 whose G, is the non-cyclic regular group of order 6. 

At the close of the preceding section it was noted that every two distinct 
conjugates of a subgroup composed of all the substitutions of a transitive 
group which omit a given letter generate a group whose degree is equal 
to the degree of the entire group. A special case of this theorem is that 
each such subgroup must involve at least half of the letters of the entire 
transitive group. When two such subgroups generate a transitive group 
it must evidently be the entire group since the subgroup composed of all 
the substitutions which omit one letter of this transitive group is the same 
as the subgroup of the entire transitive group and the degrees of these 
transitive groups are the same. In particular, it results that whenever 
the subgroup composed of all the substitutions which omit one letter of 
a transitive group is transitive then this subgroup and any of its conjugates 
which differ from it generate the entire group whenever the degree of this 
subgroup exceeds one-half the degree of the group. In particular. a necessary 
and sufficient condition that two distinct conjugates of a subgroup composed 
of all the substitutions which omit one letter of a transitive group generate 
the entire group is that they generate a transitive group. 
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ON THE CLOSENESS OF APPROACH OF COMPLEX RATIONAL 
FRACTIONS TO A COMPLEX IRRATIONAL NUMBER* 
BY 


LESTER R. FORD 


Dirichlet showed that if » is a real irrational, the inequality 


is satisfied by an infinite number of real rational fractions, p/q, when k = 1. 
Later Hermite gave a method, based on binary quadratic forms, of con- 
structing an infinite suite of fractions satisfying the inequality when 
k=1/V3. The problem of the minimum value of & was solved by 
Hurwitzt, who showed that if k = 1/5 an infinite number of fractions 
satisfy the inequality, whereas if k < 1/W5 there is an » in every interval 
of the real axis for which the inequality holds for only a finite number 
of rational fractions. Proofs of Hurwitz’ theorem have been given by 
Borelt, by Humbert§ and by the present author'|. 

In the present paper we propose to investigate the analogous problem 
in the complex domain. Let m» be any complex irrational number and 
consider the inequality 
q 19 
where / is real, p/q is a complex rational fraction (i. e., p and g are each 
of the form m-+-in, where m and » are real integers), and q is the 
conjugate imaginary of gq. 

Hermite] has demonstrated, again by the use of quadratic forms, the 
existence of an infinite suite satisfying the inequality when k = 1/V2. 
However, the problem of the least value of /. such that for any w there 
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is always an infinite number of fractions satisfying the inequality, has not 
been solved hitherto. The difficulty has been that the early methods used 
in the real case, those of Hurwitz and Borel, employ continued fractions 
and make use of properties not possessed by any satisfactory extension of 
ordinary continued fractions to the case of complex numbers. The geometric 
methods used by the author are not subject to this limitation. 

We shall prove the following 

THEOREM. Jf k 1/V3 there is an infinite number of rational fractions 
satisfying the inequality 
p k 


(1) 


If k-—1/V3 there exists a set of irrational numbers, everywhere dense 
in the complex plane, for each of which the inequality (1) ts satisfied by 
oly a finite number of rational fractions. 

The geometric problem. JL-lines and S-spheres. Visualizing the 
Argand diagram on which the complex numbers are represented as a horizontal 
plane, we shall be concerned with geometrical constructions in the three- 
dimensional space lying on one side of this plane, say above it. Through 
the point » under consideration let a line, L, be drawn perpendicular to 
the complex plane. At each rational point, p/q (in its lowest terms), let 
a sphere, S, be constructed, tangent to the complex plane at that point, 
of radius 1/2hqq, and lying in the upper half-space. 

If ZL intersects the S-sphere corresponding to p/q the distance between 
and p/q is less than the radius, or 


(2) 
q 2haq 
otherwise the inequality does not hold. We must show then that when 
h = 4V3, L intersects an infinite number of these spheres and that 
when h->4V 3 the L-lines constructed through certain of the irrationals 
intersect only a finite number of spheres.* 

The group of Picard. The spheres which we have just defined are 
connected with the group of linear transformations 


zth 
(3) ,! ad — be 1. 


* It is clearly unnecessary to consider fractions not in their lowest terms. If p/q fails 
to satisfy an inequality of the type (2) an equal fraction with a larger absolute q will 
fail to satisfy it; if p/q satisfies the inequality only a finite number of equal fractions 
will satisfy it. 
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where u, b, «, d are complex integers, in the following manner. If the 
transformations of the group be defined as space transformations according 
to the method of Poincaré* the upper half-space is transformed into itself. 
If we add to the spheres of the preceding section the plane € = h (C being 
measured along an axis through the origin perpendicular to the complex 
plane) the resulting set of spheres is invariant under the transformations 
of the group.+ The plane ¢ = h is the S-sphere of the point «. 

Division of the half-space into pentahedra. Of prime importance 
in the study of the group is the fundamental pentahedron, discovered by 
Bianchi. Write z— The fundamental pentahedron is the portion of 
space lying above the unit sphere with center at the origin, §°-+- 47+ ¢* = 1, 
and bounded by the four planes = +4, +4. If this solid be 
inverted in its faces and each new pentahedron be inverted in its faces, 
and so on ad infinitum, the whole upper half-space is filled up without 
overlapping. This set of pentahedra has the property of invariance; that 
is, each transformation of the group carries each pentahedron into some 
other. Furthermore, there exists a transformation carrying a given penta- 
hedron into a specified one; in particular any one can be carried into the 
fundamental pentahedron by a suitable transformation. 

The invariant set of pentahedra and the invariant set of S-spheres will 
play a fundamental part in the proof. One further fact will be used: 
The segment of an L-line bounded by a point in the upper half-space and 
by the irrational point » in the complex plane intersects an infinite number 
of pentahedra. 

Proof of the first part of the theorem. Let h = }V 3. Let us 
suppose that for a given irrational » the corresponding L-line intersects 
only a finite number of S-spheres. Then, in the neighborhood of , Z passes 
successively through an infinite number of pentahedra and remains exterior 
to, or at most tangent to, all S-spheres. We shall show that this is impossible. 

Let D be a pentahedron through which Z passes. Make a transform- 
ation of the group of Picard carrying D into the fundamental pentahedron. 
Then, since circles are carried into circles and angles are preserved, L is 
carried into a semi-circle orthogonal to the complex plane and passing 
through the fundamental pentahedron. 


*Acta Mathematica, vol. 3 (1884), pp. 49-92. Poincaré bases his extension on the 
well known fact that a linear transformation in the complex plane is equivalent to an even 
number of inversions in circles. By making inversions in spheres having these circles as 
equators a space transformation results. Certain properties are immediate: the trans- 
formations are conformal; spheres are carried into spheres; and circles are carried into circles. 
i,t For a full discussion of the geometry of the group of Picard see a paper by the present 
author, these Transactions, vol. 19 (1918), pp. 1-42. 

tMathematische Annalen, vol. 38 (1891), pp. 313-333. 
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We shall now investigate whether we can so place a semi-circle, C, 
that it shall be orthogonal to the z-plane, that it shall pass through the 
fundamental pentahedron, and that it shall intersect none of the S-spheres 
that lie in the neighborhood. The points of the fundamental pentahedron 
nearest the z-plane (the vertices) have the ¢-coérdinate }1V2. This fact, 
together with the requirement that C’ shall not penetrate the region above 


the plane ¢ V3, gives for the radius, +, of C the following bounds: 
l 
V2 =, V3 


Consider now the S-spheres of the integral points. These are tangent 
to the complex plane at the integral points and have the radius 1/V 3. 
They are cut by a plane ¢ = const. in a set of circles whose centers lie 
vertically above the integral points. Consider the S-sphere of the point 
viz., 


V3 
Setting = and again 
¢ = V 3/6 in this equation we 
have in each case 
— —., 
4 


Since the radius is } we see that 
each of these planes cuts the 
S-spheres of the integral points in 
a set of tangent circles [Fig. 1]. 
Horizontal planes lying between 


these two planes cut the spheres Fig. 1. 
in larger circles. 
Let K,, K» be the intersections of C with the plane ¢ = V 3/6. If 


C' is to remain exterior to the spheres in question, K, and Kz must lie in 
the regions, such as A in Fig. 1, exterior to the circles. Now K, and K, 
cannot lie in the same region A; for the greatest length that can be laid 
down in A is 1, whereas the chord K, Ks at a distance V 3/6 from the 
center of a circle of radius not less than } V 2 is easily found to be not 
less than V15/3, or 1.29. 

There remains the possibility that A, and Kz lie in different regions, 
the are K, K, passing above certain of the S-spheres under consideration. 
Now considering Fig. 1 as the intersection of the plane £ = }V3 with 


+ 
* 
| 
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the S-spheres, we see that adjacent S-spheres have a common horizontal 
tangent line lying in the plane ¢ = 4V3 at the points where the circles 
of intersection are tangent. The only position which C can have in order 
not to penetrate into the interior of one of these spheres or pass above 
the plane"¢ = } V3 is to touch two spheres and the plane at the point 
where they have a common horizontal tangent. 

The foregoing restricts (’ to one of four positions in the faces of the 
fundamental pentahedron. On account of symmetry it will suffice to con- 
sider one case: (' lies in the plane § }, has the radius $V2, and 
the center = }. ; r= @ 

(’ meets the z-plane in the points 


Now both these points are irrational, whereas the transform of an L-line 
meets the z-plane in one rational point; namely, the transform of o. For 
if z = @ in (3) we have z’ = a/c, a rational. Consequently this semi- 
circle cannot be the transform of an L-line. 

We have proved that every transform of an L-line which passes through 
the fundamental pentahedron has a segment either above the plane f= 4V 3 
or within an S-sphere corresponding to an integral point, and turthermore 
that this enclosed segment lies above the plane £ — V3/6. We can con- 
struct a region above the latter plane within which we are certain that 
such a segment lies; for instance, the region above the plane ¢ V 3/6 
and enclosed by the cylinder §*-+ 4? = 25. Let N be the number of penta- 
hedra extending within this region. It is known from the geometry of the 
pentahedral division that N is finite. The number of pentahedra in the 
region through which the semicircular transform of L passes is less than .V. 

Carrying these results back to the original pentahedron D) we can state 
that of some N successive pentahedra, including D, through which Z passes, 
there is a segment of L lying within an S-sphere. It follows that Z cannot pass 
successively through an infinite number of pentahedra and remain exterior to, 
or at most tangent to, all S-spheres. This proves the first part of the theorem. 

Proof of the second part of the theorem. Consider the semi-circle (’ 
just discussed. We shall show that for its terminus, » = }+4iV 3, the 
inequality (2) holds for only a finite number of rational fractions when 
h>3V3. 

The proof will require a careful study of the situation of C with reference 
to the S-spheres when h = 4V3. We shall show that, with this value 
of h, C is tangent to an infinite number of S-spheres but penetrates into 
the interior of none. 
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The irrationals 3}4-31V 3 and 4— 4iV3 are the roots of the equation 


Z2—ztl= 0. 


This equation can be written in the form 


(2—i)2+2i 


—2ize+2+7' 


which shows that z, and z are the fixed points of the transformation 


(2—i)e+2i 


Since 
od — be = (2 — = 1, 


it follows that 7 is a transformation of the group of Picard. 

Since a-d = 4 the transformation is of the type known as hyperbolic 
(the condition being that a--d be real and |a--d > 2). It is character- 
istic of this type of transformation that all circular ares joining fixed points 
ure invariant under the transformation. C is such an invariant arc. 

Furthermore, if P is a point on C and P’ is its transform when the 
transformation 7’ is made, then by repeating the transformation 7' and its 
inverse the transforms of the are PP’ cover the semi-circle C’ completely 
without overlapping. We shall presently choose a convenient point P. 
after which it will suffice to determine the situation of the are PP’ with 
reference to S-spheres in order to know the situation of the whole semi-circle. 

We shall begin by considering the S-spheres of the numbers —-/ and 
1/(1 +7). Their equations are 


y . \2 te 1 ] 
S, ( + (y +1)*+ V3 = 
32.46 1 \2 1 \2 


The intersections of these spheres with the plane § = 3, in which C lies, 
are the circles 


1 1 \? 1 


These circles in the plane §= 4 are shown drawn to scale in Fig. 2. 
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We shall now show that (' is tangent to these circles. The equation 
of C in the plane & = 4 is 


C: = = 


we see that the centers lie on a line. 


through the center (0,0) of (. This line cuts (’ in a point, ?, whose 
coérdinates are found to be 7 —},€—4V3. We verify easily that 
P lies on both (, and C,. Since the circles pass through a point on their 
line of centers they are mutually tangent at the point. 

We note further that the S-sphere of the point 1—/ cuts the plane 


== } in (|. since the sphere is the reflection of S, in that plane. We 
have shown then that (’, which was constructed so as to be tangent to 
the S-spheres of 0. 1. and x, is tangent also to the S-spheres of —/, 
and 1/(1--,). 
g atv3 
| 
/ \P 
2: =; 
Fig. 2. 


lf now we make a reflection in the vertical plane through the real 
axis, 4 0. with respect to which the system of pentahedra. the system 


From the proportionality of the coérdinates of the centers of C, and C4. 
l ] l 
=: 
V3 2V3 
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of S-spheres, and the semi-circle C are symmetrical. the spheres corres- 
ponding to the points —7, 1— /, and 1/(1+¢) are carried into the spheres 
corresponding to 7, 1+¢, and 1/(1— /) respectively. Hence the spheres 
corresponding to these latter points touch C at a point P’, whose coérdinates 
in the plane § are y= ?, V3. 

Now let us make the transformation 7’. The points —7, 1—/, and 
1/(1-+-7) are carried, as we find by substituting in the equation of the 
transformation, into the points 7, 1-7, and 1/(1—7) respectively. Since 


S-spheres go into S-spheres and since ( is invariant, it follows that P is 


transformed into the point common to C and to the S-spheres of these 
latter three points; that is, into P’. 

The nine S-spheres tangent to C along the are PP’ are transformed 
by repetitions of 7’ and its inverse into an infinite number of S-spheres 
tangent to C. 

In order to prove that no point of C is interior to an S-sphere it suffices 
to prove that no point of PP’ is interior to an S-sphere. Now in order 
that an S-sphere should contain a point of PP’ it is necessary that its 
diameter be greater than the ¢-coédrdinate of P: that is. 


1 V3 8 
8, gq<—. 


Now qq = 4 except for the values q= 1 and g= 1+ (or these values 
multiplied by —1 or + 7). The former are the integral points; the latter 
are the points 

Again an S-sphere cannot contain any point of C unless the distance 
from the rational point to which the sphere belongs to the nearest point 
of the segment 2,22 is less than the radius. The radii of the two classes 
of spheres just mentioned are 1/3 and V 3/6. There are no points 
of these two classes, other than 0, 1,7,—7/,1+7,1—/, }(1+2), and 
}(1—2), which have already been considered, lying within the larger of 
these two distances. The nearest is $(1-}+37) (or the similarly situated 
point $(1—37)) whose distance from z, is $(1+37)—3(14+7V3)), or 
4(3—V3), which is greater than 1/ V3. 

We have shown that the are PP’ is tangent to certain S-spheres but pene- 
trates to the interior of none. It follows that the whole semi-circle C has no 
points interior to an S-sphere but that it touches an infinite number of S-spheres. 

Now let h be greater than } V3. Then the plane ¢ = h lies above 
the plane ¢ = } V3, and each S-sphere formed with this value of / lies 
within the S-sphere formed with the value of h = $V 3. It follows that 
C now touches no S-spheres throughout its entire length. 
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The invariant tube /. We shall now construct a sort of tube, I, 
enclosing C' as follows: With P as center construct a circle, A, in a plane 
normal to C, and generate a surface by the motion of a circle through 
2;, 22, and a point which moves around the circumference of K. We shall 
take K small enough that the tube from the neighborhood of P to that 
of P’ be exterior to S-spheres. 

The tube is invariant under the transformation 7’. For, the are through 
z, and z which generates it is, in each position, an invariant are. 

The plane area enclosed by A is transformed by 7’ into a spherical 
surface through P’ bounded by a circle XK’. If we apply repeatedly the 
transformation 7' and its inverse to the portion of the solid tube bounded 
by these two sections at P and P’, its transforms fill up without over- 
lapping the whole interior of /. It follows that any point within /' is 
exterior to all S-spheres. 

The tube terminates at z, in a conical point. Now take » = z2,, and 
construct the L-line there. This line, being normal to the z-plane, lies 
entirely within /' in the neighborhood of 2, and passes out of the tube 
at some point @ above z,. Between z, and ( the line is exterior to all 
S-spheres. Above Q it can intersect only a finite number of S-spheres. 
Hence the inequality (2) is satisfied by only a finite number of rational 
fractions. 

If we make a transformation of the type (3), 2, is carried into an 
irrational 2’. VF is carried into a tube exterior to all S-spheres. The 
transformed tube has a conical point at 2’; and the -line erected at 2’ 
intersects only a finite number of S-spheres. 

It follows that all points into which z, can be carried by transformations 
of the group of Picard are irrationals for which the inequality (2) is 
satisfied by only a finite number of rational fractions. But the transforms 
of this point, as of any point in the z-plane, are everywhere dense in 
the z-plane. This establishes the second part of the theorem. 

THe Rice 

Houston, Tex. 
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SOLUTIONS OF THE EINSTEIN EQUATIONS INVOLVING 
FUNCTIONS OF ONLY ONE VARIABLE* 


BY 


EDWARD KASNER 


Taking the element of length in the orthogonal form 


(1) ds* 4, + dx; T dx; T dx 


we assume that the potentials 2 are functions of a single variable z,. We 
shall find the forms of these functions for which the Einstein cosmological 
equations 


1 
(2) Ris: — 4 Ryix: == 


are satisfied. The results are given in (14), (20), and (17) below. They 
involve only elementary functions, and the corresponding four-dimensional 
manifolds can be represented as imbedded in flat space of seven dimensions. 

Making use of the formulas for Ay caleulated in a previous papery 
we find that, of the ten equations (2), the six with unlike subscript vanish 
identically, while the four with like subscripts become 


Les Lai + Lin + Las + Lian Ls, Ls, Ls; Ly; 
— Ln, Loy — Ly, (Le, + Lsi + =U, 
Ls Ln Lis La + Le; Ls, Ls, Ly, 
+ Ly Ls, Ly, (Lye, — Lg — Ly ) 0, 
+ Ls); Lai Dn Lin Lin Ls, Ls, + Ls, Ly; 
Ls, + Ls; Ly, )= 0, 
Les + Lyi Lin + La Day Ls; Ls: Ly 
+ Ls; Ly, Ls, — Ds, + = 0. 
* Presented to the Society. September 7, 1921. 


+ Kasner, The solar gravitational field completely determined by its light rays, Mathe- 
matische Annalen, vol. 85 (1922), p. 227. 
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Here L; } log 4; and the second and third subscripts indicate differentiation 3 
with respect to 2,, while the first subscript states merely the name ot - 
the function. 

The four equations (3) are not independent, their sum being identically 
zero. They thus reduce to three equations. We may assume without loss 
of generality that 4, 1, tor by applying the transformation 


to the form (1), it reduees to 


(4) ds* da” + du 4 da d 


where the 47 are three new functions of the new variable o7. Thus the 
functions L; reduee to 


Li = 0. L; > log a (7 2,3, 4). 


We then obtain from equations (3) by adding the first and second, first 
and third, and the first and fourth, respectively 


We now introduce three new functions 


and denote the independent variable «2; by ¢, thus reducing our system (5) 
to the simple form 


Y2 
(6) 
, ry 2 


a system of three ordinary differential equations, primes denoting differenti- 


ation with respect to 4. 


(D) Lait J, 1 Liat 0, 


4 
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SOLUTION OF THE SYSTEM (6) 
In order to solve the system (6) we first reduce it by means of the 
substitution 


(6) ryt = rye 


(4) 0, 
oer 
s 


The second of these equations shows that 9 is constant and we write for 
later convenience 

(8) y 

Then the first becomes 


(8’) 


the solution of which (unless § is constant, which special case is treated later) 


where & is an arbitrary constant of integration. (The special case where 
c= 0, that is, y 0, is treated separately later.) 
By (6') the three functions «,y,2 are the roots of the cubie equation 


Substituting 

(9”) X+-—§& 

and using (8) and (9), this reduces to 
( ) A’ — sec’ — — &4 
3 27 3°" 


We observe that the third equation in (7) is linear in ¢ and has for a 


particular solution 


* This was suggested to me by Dr. Gronwall, whom I wish to thank, as well as Dr. Reddick, 


for simplifications in my original calculations. 


to the more easily integrable form 
0, 
- 
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and hence we obtain its general solution in the form 


l 
(11) 


27 3 clk —f), 


where ¢, is an arbitrary constant of integration. If now we divide the 
roots of the cubic (10) by cseec(k — 7), that is, employ the substitution 


acseec(k—?), 
it becomes 


(12) 0, 


so that the new unknown « is actually constant and dependent on c,. We 
then have as a general solution of equations (6) 


(13) Ys 2 —cectane(k — cseec(k — 1), 


where a; takes on suecessively the values which are the roots of the 
cubic (12). The result thus involves three arbitrary constants ¢, hk, c. 


THE PRINCIPAL QUADRATIC FORM IN ONE VARIABLE 


Going back now to the original notation by means of (5’) and integrating 
the expressions for ., y, 7 given in (13), we obtain 


l 
Li log a; = logeos(k — a7) + a; log {see ¢(k— a7) + tane(k—azf)}. 
Therefore 
Ai cos? {seec(k — aj)+ tane(k —at)}™ (7 2, 3, 4) 


are the general values of the coefficients in the differential form (4). 
We now return to the general orthogonal form (1) by the transformation 


c7(1 + ) 


9 
day” 


that is, 


cosc(k— ai) = 


| 
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which eliminates all the trigonometric functions, giving 


9 9\2? i 1 
77) 


A, i 2,3, 4). 


We have thus established our main theorem: 
The principal solution, in orthogonal form (1) where the coefficients are 
Junctions of x, alone, of Einstein's cosmological equations 


> 
(2) Ris. — 4 h 0), 
IS given hy 
4 2/3 


where c is an arbitrary constant and ds, ag, a4 are the roots of a cubic of 
ype (12), that is, are constants obeying the relations 


(14’) te 4 (lg + ay 0, 


The potentials in this form are in general intercendental (transcendental) 
functions, since the exponents are usually irrational. A simple example 
where the exponents are rational numbers and hence the potentials qi, 
are algebraic functions is given by 


(ls (ty 


3 


(This of course does not mean that the finite four-dimensional spread is 
necessarily algebraic.) 


SPECIAL CASE WHERE THE CONSTANT ¢ VANISHES 
In this special case 1 = 0, so that from (7) we find 


or 


For the first form we find € = c./(¢— t,)*, and finally, 


(15) 


A- 1. y+ vi = 0. 


l 2 
0 
| 
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For the second form, ¢ == constant = «3, and 4 
(16) C35 y @ C3; (3 


where » is an imaginary cube root of unity. 
Thus the quadratic form is either 


(15) ds dx, + 2, dx, dx; 
or else 


Both of these solutions may be included by transformation in the single 
form* 

(17) 21 24 72 

The simplest solution in integers of the two conditions on the exponents 
in (17) is a 2. th 2, as 2. M% —1, giving 

ds? = af (da? + dat + da?) det. 


By a misprint in the American Journal of Mathematics, the last term 


is incorrectly written 27? d2%. 


SPECIAL CASE WHERE THE FUNCTION § IS CONSTANT 
Going back to (8’), it was noted that the solution (9) does not include 
the case where £ is constant. In that case, replacing ic by 4, we have 
from (7) 


- 


where C, is a new constant of integration. We then find 


i; 
—+ 
3 
h 
(19) 7] e™, 
3 
k 
3 


* This result is the solution of the Einstein field equations in their first form, Rx = 0, 
and was first given by the writer in a paper read before the Society in September, 1920 
(see Bulletin of the American Mathematical Society, vol. 27 (1920-21), p. 62). 
See also the American Journal of Mathematics, vol. 43 (1921), p. 220. The same 
problem was later treated by Murnaghan and Eisenhart. The general results of the present 
paper were given in Science, vol. 54 (1921), pp. 304-305. 
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4 where » is, as above, an imaginary cube root of unity. From these values, 
using (5’), we find the three functions Zj7; and finally by a simple trans- 
formation and a change of constants the final form is obtained 


dx; 9/2 | 
(20) = +a dx2 + « 


or, wr Cn daz 
3 


SUMMARY OF SOLUTIONS 

For the symmetric system of differential equations (6) all solutions are 
included in (13), (19), (15) and (16). We observe that (13) involves three 
arbitrary constants, (19) and (15) involve two, and (16) involves only one. 

For our original problem, all solutions of the cosmological equations are 
included in (14), (20), and (17). 

We note that the results involve only elementary functions. In general 
the potentials, that is the coefficients 4; in the expression ds*, are trans- 
cendental, but for an infinitude of special values of the constants involved 
they reduce to algebraic functions. 

A form which is equivalent to the main solution (14) is 


ds? = dat + dy dad +h, A, dot, 


where @,, «;, @, are the roots of a cubic equation of the form 


the constant ¢, being arbitrary as well as c. 


REPRESENTATION IN SPACE OF SEVEN DIMENSIONS 

We now prove the following result: 

All the solutions obtained may be represented in finite form by manifolds 
of four dimensions imbedded in a flat space of seven dimensions, the finite 
equations involving integrals of elementary functions. 

We first observe that all quadratic forms of the type 


(21) dat - 1, 1, dx 4, da 


are of class three, that is, are reducible to the sum of seven squares of 
exact differentials. 


= 
3 1 
¥ 
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We may write (21) as follows: 


(21’) ds? ds + ds? + ds 2. + 2, + Q,, 
where 


ds 3 4, day (7 2. 4). 


Here Q; is a quadratic form in only two variables, 7; and «;, and is the 
fundamental form of a surface of revolution. Ths our element (21) is 
the sum of the elements of three surfaces of revolution. 

Since the coérdinate x, is common to the three forms Q we may take 
the three surfaces about a common axis of revolution. Denote this by Xj, 
and construct the first surface in a three-flat Y, Y. Ys, the second surface 
in a three-flat \V, V, Y;, the third surface in a three-flat X, X, X;. Here 
X,, Xz, +--+, X; are cartesian coérdinates in a flat space of seven dimensions. 
The three surfaces of rotation thus have a common axis but are contained 
in three distinct three-flats which are mutually orthogonal. 

The general theory of what I have called separable or summable 
quadratic differential forms in any number of variables is a subject of 
considerable interest. The problem is to represent the given form in 
n variables as the sum of two or more forms each involving fewer than 
n variables. We must distinguish the case where the variables used in 
the summands are completely independent, and the case where dependent 
variables are introduced. The problem discussed in the present paper 
comes under the latter case (since the three binary forms in (21’) do not 
involve completely independent variables), while the problem of an earlier 
paper in these Transactions? gives an example of complete separability. 


* Kasner, Separable quadratic differential forms and Einstein solutions, Proceedings 
of the National Academy of Sciences, vol. 11 (1925), pp. 95-96, and abstracts in the 
Bulletin of the American Mathematical Society. 

; An algebraic solution of the Einstein equations, vol. 27 (1925), jp. 101-105. 
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A GENERAL THEORY OF LINEAR SETS* 


BY 
MARK H. INGRAHAM 


INTRODUCTION 

Section | of the following paper, though using the postulational method, 
is motivated by the consideration of classes of vectors, on a finite range 
p* (1,2,---,#), whose elements belong to a general division algebra 
or, as we shall say, number system. 

Section I] deals only with vectors on a finite range. 

Section I is also of use as giving a general basis preliminary to the 
more intensive study of 

(a) classes of vectors on a general range, 

(b) number systems over a division number system; that is, to the 
initiation of a theory analogous to that of an “algebra over a field,’ where 
the field is replaced by an associative division number system. 

Notation. Throughout the paper certain logical notations? will be used 
as follows: 

logical identity 
} logical diversity 
definitional identity 
definitional identity between statements 


implies 

™, is equivalent to 

such that 

a there exists 
is unique, used before the element which is unique: thus, 
a means a is unique. 

and 

or 
not 


etc. punctuation signs; the principal implication of a sentence 
has its sign accompanied by the largest number of periods, 
thus a:):b.).¢ is a statement that a implies that (> im- 
plies ¢) whereas a.).b:):¢ states that the implication a 
implies b, implies the fact ¢. We may also use punctuation 
to show continued implication, thus @.)./.).¢ means @.)./ 
and 6b.).«¢. 


* Presented to the Society, April 11, 1925. 
+ These signs are mostly taken from E.H. Moore’s Introduction to a Form of General 
Analysis. Yale University Press, 1910, p. 150. 
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~ corresponds to 

» (a) the statement holds for every a 

| | class of elements. A non-vacuous class we call a_ set. 

ni P|} the greatest common subclass of the classes of the 
class |/7?] of classes 

Ul? the least common superclass of the classes P? of the class 
|P] of classes 

inclusion. In speaking of classes MV and N means 


M includes N, in the sense that every clement of Nis 
an element of /. This may also be written VC M. 


The principal results will frequently be stated both in logical notation 
and in the written form; proofs, however, will as far as practical be given 
in logical notation only. 

In dealing with subsets of the fundamental classes MW, 1’, V. ete.. 


ldol, 2%, [ay]. Vo lvol, ete. 


as subsets of U7, Vo ete. respectively. 

We shall use exponents to denote properties of an entity a; for example W4 
denotes that Y% is of type .1. When we use the notation for a class as 
an exponent of an element we shall mean that the element belongs to the 


given class; thus «” means that #, is a member of the class Ul’. 


v0 


If we have a single valued function, /. of # independent variables whose 


values belong to the ranges 7?,,---, ?,, and the funetional values of / 

belong to a class M then we say that the function / is on 7, --- P, to M, 
on toM 

that is / 


Number systems of type 1. We will consider a number system which 
is a generalization of a “division algebra.” We will define what we mean 
by a number system, 2%. being of type A, in such a way that whenever 
multiplication between every two elements of Yt is commutative, it follows 
that % is a field. If YW is a field we will say YX’. However as we do not 
assume that multiplication is commutative, there is introduced both a right 
and left distributive law. 

We say that a system Y% is a number system of /ype A or symbolically U4 
if it is of the following type:7 


t This definition of a number system of type A is based directly on that used by E. H. Moore 
in his course in General Analysis. A number system of type A has properties 1-11 as given for 
real numbers by D. Hilbert but does not necessarily fulfill conditions 12-17. See D. Hilbert, 
Grundlagen der Geometrie, p. 35, 3d edition, 1909, or the translation by E. J. Townsend, 


The Foundations of Geometry, Open Court Publishing Company, 1902, p. 37. 


AL 
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% contains at least two distinct elements; 


There is an addition function, +, on 2% to %, which forms a com- 
mutative group, with identity of addition 0: 
There is a multiplication function, -. on 2% to % which obeys the 


following restrictions: 
(1) O <a 0 axQ (a): 


(2) < on 2 except O forms a group (not supposed commutative); 
(3) a, O:): a, as 0: 
(4) The identity of multiplication |: 
(D) ay < (Cds + ag ) (a, a3) (ay, de, dy). 
(2+ <a, (ay, ds). 


We will call such a system an associative division number system. 
For simplicity of notation we will write a, >< «a, We will use 
the exponential method of denoting reciprocals thus: 


For sake of clarity a few examples of number systems of type A will 
be given. 
Kx. 1. All real rational numbers. 
Kx. 2. The system, A, of all real numbers. 
Kix. 3. The system, (', of all complex numbers. 
ix. 4. The system, (, of all real quaternions. 
Kx. 5. Any Galois field pal; 
e.g. tor x 1 the rational numbers modulo p. 
Kx. 6.° The Hilbert example of a non-Archimedian Veronesean number 
system. 
Consider (---, —3, —2, —1, 0, 1, 2.3, ---) and a number system 
Consider ~ [all single valued functions stor: f.:):. A mesa: 
ny). f(n) QO]. 
For a definiton of addition we have 


Ai tse Ai (na) + Cre). 
Kor a definition of multiplication we have 


dh 


This example is developed by E.H. Moore in his course in General Analysis. 
Yt R this is Hilbert’s example of a non-Archimedian 
Loc. cit., p. 31, or trans., p. 34. 


For 
Veronesean number system. 
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The identity of addition is [,f,(7) 0 (n)j. 

The identity of multiplication is [/,(0) = 0 (n+ 

F is of type A. 

Ex. 7.* Consider P = (---, — 3, 2, 1, 0, 1, 2, 3, --+) and a number 
system % of type A. 


Consider F'[all fo ??to™ .::9::. A my Ne) = Or: 
For a detinition of addition we have bs 
Me) Si (m1, M2) + fo (m1, (my, Ne). 
For a definition of multiplication we have 
74, Ny 
J Si Se Mes) (eyes) fom, Moe ) (m1, Ne), 
ky kg ty Me 
4 
| where a is a number of 2. 
Our identity of addition is [fo (2, m2) = 0 (m, mz) ]. 
Our identity of multiplication is (0.0) 1. fi (ma. = + 0 
$ 0)]. 
F is of type A.+ 
THEOREM 1. Jf A is of type A, and Ay is a subset of A, then the 
totality Avec, of numbers of A which are commutative as to multiplication 
with all the numbers of %, forms with the original addition and multi- 
plication a number system of type A: 
m on A or 
ruil. = [ao]. Me [all @ dp = Aya] :): Ace. 
The proof is evident when we note that a .).(a~')"™ for 
== a aga .). = aa (ae). 
CoroLuary. Jf U is of type A, then the totality A of numbers of A 
which are commutative as to multiplication with all the numbers of A forms, 
with the original addition and multiplication, a field: 
Cor. = [all a, .).aa, = 
* A special case of this example is given by Hilbert, loc. cit., p. 100, or trans., p. 103. 5 
J. H. M. Wedderburn brought this example to my attention in a more general form than Ere 
that of Hilbert. 
+ The proof of this directly follows Hilbert’s proof. It should be noted that in both ee 
Ex. 6 and Ex.7 Hilbert uses formal power series in one or two symbolic parameters ga 


respectively, rather than the functional notation used here. 
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: It should be noted that %’ is not necessarily a maximal field in 2%. 
be If, for example, % — Q then &%’ — sealars but all the quaternions such 
that the coefficients of j and / are O form a field isomorphic with C' and 
containing the scalars. 
% may be of infinite rank in respect to YX’ as is shown by Example 7. 
Thus a number system of finite rank as regards a number system Y might 
f be of infinite rank as regards the field Yt’ of which % is an extension. 


I]. THE THEORY OF LINEAR SETS 


Contents 
1. General postulational basis. 
2. Sum and intersection of two sets, supplementary sets, additive sets, linear sets. 
| 3. Interrelation of certain extensions of Uy. 
r 4. Normal order, rank, difference sets. 
5. Linear sets with commutative basis. 


1. General postulational basis. In Section 1 we consider a system 
(4.0 @. Cy). 


viz., a number system % of type A, a class U of (abstract vectors or) 
elements w and three processes or functions ®, ©,. ©), serving to connect 
numbers a and elements, «; as follows: 
1. U has at least two distinct elements. 
2. ® is a function on UU to U which forms a commutative group with 
identity element Oc; u ®w., u is the sum of uw, and w. 
3. ©, is a function on UMA to UV; u uw is the product of 
by a (on the right). 
4. ©, is a function on AU to U; wu —aOim; u is the product by a 
(on the left) of w,. 
5. a.).a@i0u= Ov = 0v©@,a. 
6. u = 0u = u ©,0. 
8. Associative law of addition, 


Uy Ug Uy (1 tte) B Ug B (tts tg). 


), Distributive law, 


Ue do .). (a) (1 Oy 4) BG de) == Or (4 + Ge), 

(b) (a; 1) B (de Ort) = + G2) Orta, 
(4 Or B (te Ori) = (th Bez) Or 1, 
(d) (a; B (a, te) 4 Or Bue). 


rie 


Ry 
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10. Associative law of multiplication, 


Wty .). (a) (4 Oy (a, ae), 
(b) a; (as vw) (a, ds) Qiu, 


From 9 and 10 the general distributive and associative laws follow. As it 
will not lead to ambiguity we will simplify the notations as follows: 


ty B tte Uy, Me (2, Us); 

“a (wa); 

au (wa): 
(ty (de to) Ay @y Me): 
(ty (Utes ) Ae Wiles (eo). 


There follow two examples of a system +. 


Ex. 1.* Any algebra over a field. 

It should be noted that our system = is more general in that we have 
not limited Y% to be a field and we have not required the existence of 
a multiplication process between the elements of J’ (© on UU to UV). 

Ex. 2. If we are given a general range P and a number system 2 of 
type A, then we may take as U’ the set F of all vectors / (single valued 
functions), on P to %, 


F fall fe? with 

J SitSe (p). 


The symmetry between ©, and @,;. and the symmetry between right and 
left multiplication in 2% should be noted. Each theorem will carry with 
it a theorem by parity (not always different). As a convention, theorems 
involving only one type of multiplication will be stated in terms of right 
hand multiplication. 

From Postulate 2 we know that 


*See L. E. Dickson, Algebras and their Arithmetics, University of Chicago Press, 


1923, p. 9. 


— 
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this uniquely existing «, we designate the negative of uw, in notation, — vw, 


so that 
Oy uy — 


THEOREM 1. The negative of any element of U is that element multiplied 
on either right or left by the number -—1: 


Th. 3. u(—1). 
Proof. « lu: then by Postulates 7, 8 and 9%. 
( (1—1)2 Ou Or. 


THEOREM 2. Jf the product of an element u of U by a number a of A 
is Or then either a is O or u is Ov or both: 


Tn. 2. a Ou :): a Or. 


Proof. « 4 O:): au Ov.).u = a au Ov. 
THEOREM 3. Relative to a subset Uy of U, the totality Ay of aumbers a 
of XN which are commutative as to multiplication with all the elements of ( 


forms, with the original addition and multiplication, a number system Ao 


of type A: 


Tu. 3. Uy :): (he @ :3: .). Atty 

Proof. 

(1) UA, Mott Hits): (a, + + ds). = As, 
for 

(a, + aout + + de), 

(ye) (agit) (ty ) (a, as (1, ) ds Me). 

(2) ua = 
for 

u == and therefore 


(3) The set 2%, contains at least two numbers, for it contains 0 and 1. 


Other properties of 2% may be readily checked. 
Definition. A set U) is said to be commutative, U7), in case every 
number is commutative with every element of 


Def. Us aw .). aro Holl. 
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”», Sum and intersection of two sets, supplementary sets, additive 
sets, linear sets. 
Definition of the swm of two sets U,, U.. 


Definition of the inflersection of two sets U,, U.. The intersection 
of Us], is the greatest common subset of and 

Definition of supplementary sels. Two sets U, and ¢, are supplementary, 
(2',U.)"", if their sum is (7 and their intersection is the set whose only 
element is Ov. 

Definitions* of right linear (r/), left linear (ll),+ properly linear (1), 
and «additivet (ad) sets. 


yrl 


Ua Gh Ge te; Mer (Moy Moo ds) belongs to 
rll 
Un Gy Ge te, + Mos) belongs to U,; 

rad 
Hoy Mov (Moy toe) belongs to 


and belongs to 


It should be noted that any properly linear subset (% of U, other than 
the set consisting of the single element Oy, together with the number 
system Y% and the original definition of addition and multiplication forms 
a system S satisfying the postulates of § 1. In the sequel we shall often 
make use of this fact by applying theorems stated in terms of U7 to 


a properly linear subset U, of U. 


We have not included in the text a definition of a linear set. A satisfactory detinition 
of linearity would be such that any right (left) linear set is a linear set, and in case U is 
commutative should reduce to the definition of right (left) linearity. In arriving at such 
a definition we make use of the number system Y. consisting of all numbers a of Yt which 
are commutative with every element « of [’. Ye is a field contained in YW’, for by § 1, 
Theorem 3, %. is of type MW, and 


Ue (ae (au) (ait) a, a(ude) a(aceu) (dae) U .). aa Ae. 


We will say that a subset U) of U is linear in case for every pair of numbers de: and deez 
in Mf. and every pair of elements wo: and wo of LU’ the element ao: der + to2 dee belongs to Us. 
+ Note the symmetry of right and left linearity. When a theorem concerns only one of 
the two we will state it in terms of right linearity and omit the parity theorem in terms 
of left linearity. 
i This is a strong form of the definition. One might use the first condition alone as 


a weaker form. 


| 
FS 
| 
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THEOREM 1. és properly linear. 


4 
= 


THEOREM 2. A right (or left) linear set is additive. 

THEOREM 3. Every additive set contains Ov: hence, the imtersection of 
two additive sets is non-vacnous, and each of two additive sets is contained 
in their sum. 


THkoreM 4. Jf two sets U, and U. are additive (right linear, left linea 
or properly linear) then their sum and intersection are additive (right linear, 
left linear or properly linear). 

THeorEM 5. U, and U. are additive sets and their intersection isthe 
set whose only element is Ou, then any element in their sum can be 


expressed in one and only one way as the sum of one element of U, and 
one element of Us: 


MH. Uy. US" U2| the class On 
Proof. ity; the Hox — Then, since and Uy, are additive, 
belongs to U, and ty. — ay, belongs to hence 
belongs to M Therefore — Ov and mm, and 
hence ts; Mow. 


THEOREM 6. Relative lo a subset Ay of A, the class Uy of all elements uty 
of U which are commutative with every number do of Ay ts additive and 
is properly linear m respect to the set Ave of all numbers of A which are 
commutative as to multiplication with every number of Ay. 


Proof. From the distributive and associative laws it follows that 


(ly Me Ay (lg Ay (ly Uy (ly Wy 
=): (ay ay + ds) My (ity + tty dg). 
Hence, since % contains the numbers 1 and 1, is additive and 


is properly linear in respect to Yo. 

In his Jntroduction to a Form of General Analysis,* FE. H. Moore introduces 
the notion of the extensional attainability of a property P, defined for the 
subclasses M, of MW. Considering a class MW and a property P defined for 
the subclasses M, of WM, we say that the property 7? is extenstonally 
attainable in case “for every subelass My of W there exists a class Mop 
containing My and contained in /, having the property 7? and such that every 
subelass of M whieh contains My, and has the property P? contains Mop,” 


* Loc. cit., p. 54. 


al 
a 
11* 
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or, What is equivalent, (1) M has the property P, and (2) for every class My 
the greatest common subclass of all classes containing J/, and having the 
property P has the property P. For such a property P, the P-extension 
of Mo is the class Mop of the first definition and also the greatest common 
subelass ete., of the second definition: In notation 


Mor = N [all MP MD Mi). 


It is important to note that Mop DW, D My :): Mop Mp. 

THEOREM 7. The properties of additivity, right linearity, left linearity 
and proper linearity are extensionally attainable in U. 

Proof. (The proof is given for right linearity only.) 

(1) U is right linear by Theorem 1. 

(2) Uy. Uw N fall U7" .2. D Uo): by definition of right 
linearity. 

Accordingly we introduce notations, for the various extensions of Uy as 
follows: 


the additive extension of 

L,Uo the right linear extension of (’y: 
li Uo the left linear extension of Uy: 
LU, the properly linear extension of (4. 


THEOREM 8. The right linear extension of any subset Uy of U is the 
totality of all right linear combinations of elements of Uo: 


1,” 


TH. 8. Uo. Vo, all Oh An, Mors Mon, Hoi Gi 
i 


Uor Ly Uo. 


Proof. Obviously L, Uo D U%,-, and Up, 3D Uy and is right linear, and 
therefore Up D L, Uo. 

Due to the symmetry between right and left linearity we will in general 
state theorems involving only 1, or 4; in terms of L, and omit the theorem 
that follows by parity. 

3. Interrelation of certain extensions of U/,. In this section we 
consider the iteration of the four processes Ad; L,; Li; L and a new 
process Ly; where Ly l% is defined as the (provably existent) maximal 
properly linear subset of the intersection of the right and left linear ex- 
tensions of 1. Moreover, it is shown that these processes along with the 
iterations Ly L, and Ly L; are closed under further iteration. 


~y 
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We also consider how far the seven sets AdU, L, Uy ete. are determined 
from a knowledge of certain of them. 

THEOREM 1. The properly linear extension of any subset Uy of U is the 
right linear extension of the left linear extension of Uy and by parity the 
left linear extension of the right linear extension of Uy: 


Tu. 1. .). Lr Li Uo LU li Ly Uo. 


Proof. (1) for LO3 L005 Uo and therefore 
LU LL, Uy L, Ly Uo. 

(2) L, Li Uy is properly linear, for by definition WU; .). (4, U1)" and 
L, In Uo is left linear, for according to § 2, Theorem 8, every element of 
L, Ia Uy is of the form 


1, 

> 
thes 


where n, and n, (7) are positive integers and ,,, belongs to (,(¢7) and 
conversely, and the distributive and associative laws are holding. 
Therefore L, Li Uo and similarly L, U LU». 
THEOREM 2. U, U2:):(1) U2] LyU,+ L, Us; 
(2) LULU, LU, + LU2; 
(3) AdU [U1 U2) AdU, AdU 2. 
The proof follows directly from § 2, Theorem 8 and Theorem 1. 
3. Uy* Us" :): (1) Us| = Ly Ly Ue; 
(2) L[U,+ U2] LU,+ 
(3) Ad[U,+- U2] AdU, AdU 2. 
THEOREM 4. Relative to an additive subset Uy of U, there exists a unique 
maximal properly linear subset Ugg of Uy such that all properly linear 


subsets of Uy are contained in Uoo: 
Tu. 4. .:):. C C Usd. Tee 


Proof. fall w .2 La C Up) is effective as for 
(1) U, contains the properly linear class [0]; 
(2) Un D Uo; 


“This may also be written in the form 


Qii Uni 


In this case we may not assume as above that the elements wo; are distinct. 


t d 
. 
. 
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(3) U, is properly linear, for a right or left linear combination of elements 
of U, is the sum of elements of UV, and therefore LU, = AdU, and 
U, D> LU,, hence by (2) U, 3D LU, and is properly linear. 

Since relative to a subset U, of U, N[L,U, Li, Uo| is additive, it follows 
from Theorem 4 that the following definition has content: 

Definition of L,U,. Relative to a subset U% of U we define Ly Uy as 
the maximal properly linear subset contained in the intersection of the right 
and left linear extensions of U,. 

THEOREM 5. Relative to a right linear subset Uy of U the maximal 
properly linear subset Ugo of Uy is Ly Uo. 

Proof. = Up. 

THEOREM 6. L.). Lo Up = Ly Ly Uo, Lo Li UV). 

The following table shows the sets generated from a set Up» by iterated 
processes of the types Ad. L,. li, Ly). For example, column 3, row 6 
shows us that U,.). LZ) L, (dai Uo) LU). 


TABLE I 


Ad Ly L Lo Lo Li 


Ad Ad L, Li L Io Lnhi 
Ly, Ly Ly L L Lo Loly 
Li Ly L Li L Io 
L | 

Lo Ly 
Lo Ly | Lo Lr 
Loli | Loli 


LoLr [gli L Le 
LoL, L L Lo Lola 
L Lo Li L Lo | Lo Li 


The proof of the above table is readily obtained when we bear in mind 
that U.). 3 AdU, DU). 

The fact that relative to a given U) the seven sets Ad, ete. may be 
distinct is shown by an example following Table I in II, § 2. 

From an examination of Table I it is seen that the iteration of the 
seven processes Ad, etc., is closed and associative. Moreover, the iteration 
of the four processes Ad, L,, Ii, and ZL is closed. 

Table I] shows which of the seven sets Ad U> ete., previously introduced, 
are determined when any particular combination of them is given. We do 
not list all the 2' —1 different combinations, but we give certain com- 
binations, into which all of the 2’ -——1 can be decomposed, and such that 
no combination will determine, in general, more than could be determined 
from the component parts as listed in the table. 
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TaBLe II 

Combinations of sets given Sets determined uniquely 
Ad Ad, L,, Lyi, L, Ig, LoL,, Ly Li 
L, L,, L, LoL, 
Ly Ii, L, LoL: 
L L 
Ly Ly 
L, L, L, L, 
Ly Ly Ly Ly 
L,, Ly L,, L, In, Lol 
L,, Lo Li L,, L, L,, 
li, Ly Ii, L,, L, Lo 
Ly L,. Ly ly L,L,, Loli, Lo 


The proof that the table is correct follows at once from Table I and 
Theorem 6, 

The following considerations and examples show that Table Ll is complete: 

Whenever the determination of certain sets determines certain others 
uniquely it follows that no extra knowledge is gained by adding these 
others to the original sets in the first column of Table [1]. Thus, since the 
determination of ZL, Uy) determines Ly L, Up it follows that we need not 
add L,, Ly L, to the combinations in the first column. 

In Table II] we give examples showing the completeness of Table II. 
In each of these examples we consider a finite range P”, where x is a positive 
integer, 2 () (quaternions) and U V the class of all vectors + on P 
to @. We have a system satisfying the postulates of § 1 when multiplication 
and addition are defined as in § 1, Ex. 2 of a system >. We will display 
the vectors v as rows of ordered elements thus: (a; 1, «<0. 

Wo Ag Ay M5). 

In these examples we display subsets V, and V. of such a nature that 
the sets arising from V,; by processes listed in column 2 of Table III are 
equal respectively to those arising from VV. by the same processes; but the 
sets arising from V, differ respectively from those arising from V2 except 


for sets as shown by Table IT to be uniquely determinable from those we 
have assumed to be equal. Thus, in Example 1, L,V;, 1Vi, Lo L,V; are 
respectively equal to L, V2, Ly Ly Vo, but AdV,, LiVi, Lo Vi, 
differ respectively from AdV., 1iVs, LoVs, Ly Li Ve. 

When an example in Table II] is given showing the completeness of 
Table I] for any particular combination of sets Ad V, ete. the example for 
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the same sets with left and right interchanged is immediately securable 


by parity. 
TasBLe UI 


Example shows 


Ex. No. completeness Pp» | V; V; 
of Table II for 
1. | Ly (La) 0) (0 1) (1 7) —k) 
2. | L 2 0) (0 1) (1 
3. Lo 3 (0 0 O) (127) (k —i) 
4 (ly lh) 5 ¢ OO 7) (1 y O O) 


0 1 O) (O O O) 
(09 0 0 1 0) (0 O —k O) 


|Le Le 1 (7) 
G. fe the. 4) &k) ¢) 
~ | Le Li ( | () (1 J) (7 
8. tLe 2 1th #8) (1 J) (i k) 
L LL, 4i(1 0 O O) (1 ¢ O O) 
9. Lo Le) (O 1 0 O) (7 —k 0 O) 
1 #) 1 +) 
10. | Lo, Le Lr 7/0) G k (1 O 2) 
(Lo. Le Li) 
Lo Lr, Lo Li S i(k 2) (i 32 J) 
12 L, Le, Lo ( ( ) ( 1 ) 
(L, En, Li) 


4. Right (left) linear independence, normal order, basis, rank, 
supplementary and difference sets. In this section we consider 
a system such that the set Ul’ is normally ordered. In this case we 
show that a right linear subset 1, of U° contains a right linearly independent 
base, and that every such base has the same cardinal number, which we 
call the right rank of (4%. Moreover we show that relative to a right 
linear subset 1) of U there exists a supplementary right linear set; and 
that relative to a properly linear subset (> of U all properly linear sup- 
plementary sets are isomorphic with the difference set U’-— Uy) which in 
definition is analogous to a difference algebra. 


| 

be 
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We say a subset Ll, of U is right linearly independent* as to Ay in case 


Uy Ay (tor ton) ag, - don 
1,n 


In case Uy is right linearly independent as to % we say Uo is right linearly 
independent (U"). If Uo is right linearly dependent we use the notation 
I .- We say Uy is right linearly independent as to U; in case L, Ul; does 
not contain any members of Definitions of /imear independence as 
to YM, ete. follow at once by parity. 

THEOREM 1. Jf a subset Uy of U is commutative and right linearly imn- 
dependent as to A’, Uy is right linearly independent. 

Proof. 1. Uo does not contain Ov. 

2. If the theorem were not true we would have »', 0; a; = Ov, where the 


elements i; are distinct and the numbers «; are | 0. Then 


moreover since 1, to, are right linearly independent as to 


(j a $0) (aa, — a, + 0 and since U7, is commutative 


n 0 


. —1 ~—1_} 
(2) > Uy, to, 


hence from (1) and (2) it follows that 


’ 
Uy; (aa; 


and therefore 


Ny 0 (tor, ton, \tistinet rid 
By repetition of the above reasoning we conclude that 
A (wm + Ov a4 0).2. Ov, 


and since this is impossible our theorem is valid. 
In the remainder of this section we will make use of the notion of normal 
order. “Normally ordered” is here used synonymously with well ordered 
* This could more exactly be called finite right linear independence but as we do not 
consider the infinite case in this paper we shall use the shorter term. 


) 
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(wohlgeordnet). Thus we say a subset Uy of U is normally ordered (Uo'°) 
in case U/y is linearly ordered in such a way that every subset Uo, has 
a first element. We shall use the notation Uo,, where « is an element of 
a normally ordered set containing 7%, to denote all the elements of U, 
which precede 

We recognize that many accept the Zermelo principle of selection or the 
multiplicative axiom and therefore feel that the Zermelo demonstration of 
the normal orderability of any aggregate warrants the assumption of such 
normal orderability without further stipulation; yet as many do not agree 
with this point of view we will introduce normal order explicitly whenever 
we wish to make use of it. 

Definition. We say that 1 is a right base tor Uo in case L, UY Uo. 
If, besides, U, is right linearly independent we say that 0) is a proper 
right base tor Ug. The definitions of a /eft base and a proper left base 
follow at onee by parity. 

THeorem 2. Tf U is normally ordered and if U's is the set of all elements u 
of U which are right linearly independent of the preceding elements then Us 
is (proper right hase for U, 

Proof. 1. U7 is non-vacuous, tor U7 has a first element different from Ov. 

2. L, U (’. We use the indirect method of -proof for this. If it is 
not so, then Aw.s. L, Uy does not contain ww, and hence there exists 
a first such w, say Since Is not a member of it is a_ right 
linear combination of elements of U’,,.. all of which are themselves right 
linear combinations of elements of J... Hence uw is a right linear com- 
bination of elements of (7,, in contradiction to our hypothesis that LZ, U, 
did not contain im. 

3. U, is right linearly independent, for, if not, 


which is in contradiction to the definition of U,. 

THEOREM 3. Tf there exists a normally ordered right base Uy for U, then 
there exists a normally ordered proper right base Uo for every right linear 
subset Up | [Ou] of 

Proof. By reasoning analogous to that used in the proot of Theorem 2 
we see that [all .2. is right linearly independent as to | 
is a proper right base for U. 

From § 2. Theorem 5, it follows that every « is expressible uniquely in 
the form u Dia, where a; | 0 and ¢—/.). precedes uj. 

Consider 1’, all (for Hg) 1]: obviously L, Ue. 
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Consider the class [U;] of all sets UV, consisting of a finite number ot 
elements of (7’. We can normally order this class as follows: 

precedes if 

(1) has fewer members than 

(2) Uf has the same number of elements as U%, but the first member 
of Uj not in US precedes the first member of J not in U7. 

Corresponding to every set WU, there exists a class U,, consisting of all 
elements of 1’; which are right linear combinations with non-zero coefficients 
of all elements of U;, and no other elements. The sets (1, (i. e., the 
non-vacuous classes U;,) are in 1-1 correspondence with the sets VU; from 
which they arise. Every element «, of U, falls in one and only one such 
set. We say that the set 7’, precedes U,. provided U7 precedes US. 

No element « is right linearly independent of the elements in the sets 
preceding the set to which it belongs unless it is the only element in this 
set. For consider a set U’,, containing two distinct elements u,;,,; and a,;-. 


where 
(1) Dia, 
i 


where » is the number of elements in 2” and no multiplier a; or a; is 
zero. Hence contains Mo; and ws 0, and 
henee there exists a number a such that aw; a belongs to UW, and is in 
a set which precedes U’,. Moreover there exists a number @, such that 
— Mog “oy iS In a set preceding UW,,. However, it is evident 
that Ly| contains both and 

Denote by Ul, the totality of elements of U, which are the only members 
of the sets to which they respectively belong. These elements may be 
normally ordered as were the sets to which they belonged and constitute 
a right base for Uy, and hence by reasoning analogous to that used in 
the proof of Theorem 2 it can be readily shown that [all #, :+: #. is right 
linearly independent as to U>,,| is a normally ordered proper right base 
for U,. 

THeorem 4. Jf a subset Uy of U is right linear and if and Us are 
normally ordered proper right bases for Ug, then U, and Us hace the same 
cardinal number. 

Proof. For every m consider 

{all right linearly independent as to U 

[all w right linearly independent as to U Cin, |]; 
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obviously, for every 1, Usu, D Usu, and Ly U [Cia Use) Uo, but Lr Uru, 
does not contain the element u,. Hence every element «, of U; is a right 
linear combination with non-zero coefficients of at least one element of 
Usu, and elements of Uj,,. Therefore Uy, contains at least one element 
not in Uyy,,. Let wm correspond to the first w belonging to U3,, but not 
in Usy,. 

Moreover, it is obvious that 


and hence there exists a one to one correspondence between 1’, and a part 
of “2 and similarly between UY and a part of C4. 

THEOREM 5. Lf a right linear subset Uy of U has a normally ordered 
proper right base U,, then any other proper right base Us for Uy can be 
normally ordered. 

Proot. Consider the class | U,] of all finite sets of elements of Ui. This 
class may be normally ordered. Corresponding to every such set Uj, con- 
sider the totality U2, of elements of lL» which are right linear combinations 
with non-zero coefficients of all the elements of U,. Every element of U2 
falls in one and only one such set. Since U. is right linearly independent 
the number of elements in any set U2, can not exceed the number of elements 
in Uj,. Hence Ll consists of the members of a normally orderable class 
of finite sets of elements and is therefore normally orderable. 

Definitions of right (left) rank. If a subset U, of U is right linear and 
there exists a normally ordered proper right base for ( we say that the 
cardinal number of such a right base is the right rank of Uo: (7k, (Uo)). 

THEOREM 6. Jf the subsets U, and Us of U are right linear, have normally 
ordered right bases, and U,; U2, then 


rk, rk, (U2). 


CorROLLARY. Relative to a subset WU, of Uy of such a nature that there 
exists a normally ordered right base Sor LU, 


rk, { LU») Uo) ( Lo lo) rk, ( Lo Uo). 


Note: According to Theorem 3 all of these ranks exist. 

THEOREM 7. Jf there exists a normally ordered right base U,. for U, then 
relative to a right linear subset Uy of U there exists a right linear subset U, 
of U such that Uy and U, are supplementary. 

Proof. Case l. In this case [Oy] is effective as of the 
theorem. 
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Case 2. Uy +U. Consider Uj. [all is right linearly in- 
dependent as to Uo|]; LZ, is effective as U, of the theorem. 

1. By proof analogous to Theorem 2 and by § 3. Theorem 3, we see that 
Lye Uo] = Lr + Ly Uo Ly Urx + Uo; 

2.1 [Uo L,, U;.| contains only Oy, for if it contained an element a of Uy 
such that w + Ov, then w would be a right linear combination with non- 
zero coefficients of elements of 77,.. and hence there would exist an element 
of U,. not right linearly independent as to UV’) and the preceding elements 
of 

Definition of a difference set; Relative to a properly linear subset Uy 
ot U we define the difference of ( and U, (l’— U,) as follows: 


U-—- Uy = [all U, :2: belongs to U, .). [uJ] +U = {u}]. 
It is seen that 7’— Uy is not itself a set of elements of U’ but a class of 
sets of elements such that the members of any one set differ from each 
other by an element of U and all elements of {” which differ by an element 
of Up belong to the same set. 

LEMMA 


rl 
Uy :): {ay} {is} .). CL) fan a} a} {inja (a): 
(2) { | { aits } | (a). 
LEMMA 2. 
| 
Uy {uy} {us}. {us} = {ug} 


From the lemmas and definitions above it follows at once that relative 
to a properly linear subset 1%) of U where l, + U the difference, U— WU), 
together with the number system Y% and with addition defined as in Lemma 2 
and multiplication as in Lemma 1, forms a system > satisfying the postulates 
of I, § 1. 

THEOREM 8. Jf two properly linear subsets Uy and U, of U are supplement- 
ary then U, ts isomorphic with U— Uy under the correspondence u,~ fa} (1; ). 

Proof. 1. $ the {tai} {te}, for if not (4a; — would belong 
both to Uy and U,, which is impossible since U, and U, are supplementary. 

2. Inevery set there exists an element of for io, .2. ty + 
and therefore {w } 

+ For an abstract definition of a difference algebra see L. E. Dickson, Algebras and their 
Arithmetics, p. 36 ff. Our definition could be made more general by not requiring that U» 


be properly linear, but many of the most useful properties would not be preserved. We 
therefore limit ourselves to this case. 


| 
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3. The preservation of the correspondence under addition and multiplica- 
tion follows from the fact that U and l are properly linear and from 
Lemmas 1 and 2. 

5. Systems with a commutative base. In this section we will 
consider a system + of such a nature that there exists a proper right 
base U’, of U which is commutative with %; hence U, is a proper left 
base for U7. We show that in this case Ul’ is isomorphic with the set of 
all finitely non-zero vectors on a certain range P and that any properly 
linear subset Uy of U has a commutative right base and conversely. 

If + is such that (7 has a commutative proper right base then we say 
that = is of type 1. 

Note. That not all systems ¥ are of type 1 is seen from the following 


example. 

Consider both 2% and 7” as the Hilbert example+ of a Veronesean number 
system. Associate with every number a (als) —x---+o)) the 
number a’ where a’ (a’(27) == a(t). +0)). 


We define the processes @, ©, and @, as follows: 


Uy Bly + tte, 
au... wud, 


where the addition and multiplication in the right hand members of the 
above definitions are the ordinary addition and multiplication for numbers 
of such a system. Then Ov(== 0) is the only element of “’ which is com- 
mutative with every number of for consider a, (a,(1) 1, a,(4) = 0 
1)); then am (aj(2) 1, ai(/) = + 2)), and it follows that 


Or" ua ua, u@,a,. This is also an example ot 
a properly linear set with a right rank different from the left rank, for 
Ny (i (0) = 0)) is a proper right base for but 
has left rank 2 for and (1) = 1.4,0/) = O( 4 1)) form 
a proper left base for for «au ula) for ¢ odd and 
any u.).u(2) = O for 2 even. 

THEOREM 1. Jf of type 1 and if we consider P [|p| and 
= [all vectors on P to finitely non-zero| and [d» (p)] where 


= 1 and = 0 for every + p. then U is isomorphic with 


under the correspondence 


1,4 1.% 
/- 
i 


kx. of a system of type A. 
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Proof. The theorem follows at once from the fact that (7, is commutative. 

Relative to a general range P and any number system 2 of type A the 
class of all vectors « on P to Y% finitely non-zero is a set ¢’ belonging 
to a system X of type 1. In the remainder of this article we will there- 
fore consider only systems of finitely non-zero vectors on a range P. 

Relative to P' and the numbers of Y% as vectors on P' to % obviously 
a4 0.). L(1). 

LEMMA 1. If P is finite and u is a vector on P to AX nowhere zero, then 
either there exist a vector u, and a number a +0 such that w, is commutative 
and ua=u or there exist in L(u) two vectors us and us and elements 
ps and ps of the range P such that (pz) 0, us (ps) = O and 
= 

Proof. It is sufficient to prove this for the special case P= P*. Then 
u (a,, a2) With a,a, + O and L(u) = where @a,*). 
If is not commutative, + and since Lu con- 
tains (1, aa.a,~'a~') it also contains (0, '— «a, a,~'a~'); therefore 
Lu contains (0,1) and (1,0). 

LEMMA 2. Jelative to a general range P and the set U of all vectors u 
on P to X finitely non-zero, it is true that w:): A UG ws. LU Lu. 

Proof. This lemma follows by the repeated application of Lemma 1. 

Theorem 2 follows at once from Lemma 2. 

THEOREM 2. Relative to a general range P, U the set of all finitely 
non-zero vectors on P to AX and a properly linear subset Uy of U, there 
crists a commutative right base Uo. for Ug which therefore is also a left 
hase Sor 

THeoreM 3. Relative to a normally ordered range P, U the set of all 
Jinitely non-zero vectors on P to X and a properly linear subset Uy of U, 
there exists a normally ordered commutative proper right base Uy. for Us 
which therefore is also a proper left base for Uo. 

Proof. Since by Theorem 2 U and ly) are the linear extensions respect- 
ively of their commutative subsets 1” and (7%, it follows trom I, § 4, 
Theorem 1, and I, § 2, Theorem 6, that we need only prove the theorem 
relative to the system U' Or). In this form, however, the 
theorem is merely a special case of 1, $ 4, Theorem 3. 

Relative to a normally ordered range P. U the set of all finitely non- 
zero vectors on P to YM and a properly linear subset U> of U, the right 
rank of U, is equal to the left rank of Uy. In this case we will speak 
of either the right or left rank of U> as the rank of Uy kU). 


%, 
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I]. SETS OF VECTORS ON A FINITE RANGE 
Contents 
Introduction. 
1. Normal forms for bases. 
2. Orthogonal sets. 
3. Applications to the case where % is real, complex or quaternionic. 
4. Identity matrices for properly linear sets. 


Introduction. In this section we will consider a system composed of 


a number system YW of type A, the totality V lv] of all vectors on 
a finite range P” 2,3. ---, to and addition and multiplication 
defined as in Example 2 of I, § 1, for a system 2. Thus we are dealing 


with a special case of a system = of type 1. 
We introduce notations as follows for matrices, vectors and their 
composition : 
jall matrices w on PP to 


We say that a matrix is commutative, w*, in case every element of wr 
belongs to W. 
Composition of matrices: notation: 


amy. (j,k). 


Composition of a veetor and a matrix. 


i=! v,(2) > (7). 
/ 
1,” 

/ 

Inner product of two vectors: 
1,” 


We say that a matrix w is non-singular (7’*) in case it has a right and 
left reciprocal, which is equivalent to the rows of w being left linearly 
independent and the columns right linearly independent. We will use the 


notation 0 for the identity matrix. 


This notation is that used by E. H. Moore in his course in General Analysis. 


+ 


| 
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1. Normal forms for bases. In this article we define what we mean 
by the base of a right (left) linear set being in semi-normal or normal form. 
We show that two right linear sets are equal if and only if the normal forms 
ot their bases are equal. We show also that a right base for a properly 
linear set which is in semi-normal form is also a left base for the same set 
und is composed of commutative vectors. 

THEOREM 1. Jf a right linear subset Vo of V has right rank +, and 6 is 
a set of distinct elements jr, -+-, pr of the range P such that V as ono 
is of right rank r, then their exists one and only one set of vectors 


(vor -++ vor) of such a nature that 

(1) Vo; 

(2) voi (pi) (7 by 


Proof. 1.07; (7, +++ :2: Vy D Vy and on ao is identical with the set 
Op,.++++ Oy. V, as on o has right rank +. Therefore aside from unique- 
ness V; is effective as the Voe of the theorem. 

2. Vos is unique, for consider 7 y and vi in Vy of such a nature that 
(pi) = 1 and (pj) for / and unequal to 7; hence 
since it belongs to Vo and therefore to L, Voc. 

THEOREM 2. 

rk, Vo ri) oy pr) tet 
(1) Vo us on oy is of right rank +; 
(2) < pr; 
(3) o’ (pt < << pr) Vo as on is of right rank rv :): 6% 

The proof is obvious. 

We say that a right base Vo of a right linear subset Vo of V is in semi- 
normal form in case there exists a o satisfying the conditions of Theorem 1 
for which Vo: is effective as the Vo of the theorem. In such a case we say 
that Vo. is in normal form provided o is effective as o, of Theorem 2. 

THEOREM 3. Two right linear sets are equal if and only if the normal 


Jorms of their bases are equal. 


THEOREM 4. Jeelative to a properly linear subset Vo of V a right base Vor 


Jor Voin semi-normal form is also a left base for Vo ia semi-normal form 


and is commutative. 

Proof. Since rk, Vo = rhki Vo. Vo. is a left base for Vo in semi-normal 
form. Hence the right hand multiples of the vectors of Vo. must be equal 
to the left hand multiples with the same coefficients and therefore Vy; is 
commutative. 


ers 
12 
4 
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CoroLLaRY. The normal form of the right base of a properly linear subset Vo 
of V is equal to the normal form of its left base and is composed of com- 
mutative vectors. 

2. Orthogonal sets. In this article we give a definition of the right 
(left) orthogonality of one vector to another in respect to a commutative 
non-singular matrix w, and in terms of these relations we define the right 
(left) orthogonal complements O,.» Vo (One Vo) of a subset Vo of V in respect 
to w. We then study the iteration of the processes O;, One together 
with L,, lu, ete. and give the iteration table of the resulting twelve distinct 
processes, one set of whose generators are O;w, One and Lo; and show that 
these are closed under further iteration. We then make a generalization 
of these processes such that the resulting iteration table is abstractly 
equivalent to that obtained from Oj), Om, and Lo and applies to the more 
general situation of Section I. 

The statements we make in the remainder of this article will be relative 
to a commutative symmetric non-singular matrix i. 

We say that v, is left orthogonal to ry and ¢, is right orthogonal to 7, 
in respect to w in case S*v, wee 0. We define the right (left) orthogonal 
complement of a subset Vo of V in respect to mw, One Vo (On Vo), and the 
sets 0. Vo and Oo, Vo as follows: 


Vo Usa? Ve S* we 0}, 

One Vo fall a :2: .). 8? 0]. 

Vo One L Vo hh, (see Lemma 3). 

Op» Vo | | Vo Ory Vo (see Lemmi 3). 
In case w= 0 the orthogonality condition reduces to the vanishing of 


the inner product Sv, v2, and we say 7, is left orthogonal to v. ete., and 
we use the notations 0, for 0,3 Vy ete. 
LEMMA 1. V,.). (1) Ome Vo One L Vo; 
(2) Ore Vo Ve. 


LemMMA 2. V, 9 Orne Vs D Ow 
(2) Ot Ve D Ow 


LEMMA 3. she Fa Fas 


Proof. There exists a commutative base Vo, for V) and hence Oj Vo 
One Vor Orw Vor | Vo. 


LEMMA 4. Vy :): (O;w Vo). Vo)”. 


, | 

Ss 

kas 
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(2) One Vo La 


Proof: Obviously O;0ne Vo DL, Vo, and CrrOne Vo is right linear, hence 
the lemma is true provided rt Ope One Vo rk, L,Vo. This follows if we 
show that 
(1) V, (1) One Vo t rk, L,Vo 


(2) Vy + rki La Vo 


However, since w is non-singular we need only prove (1) for the special 
case in which w= 0. Let r= rhyL,Vo. Consider (p,--+ pr) as 
the effective o, of § 1, Theorem 2, for L,V,, and (7, --+v,) the normal 
form of the right base for L,V,. Let 6’ = (pi--+pr—-) be the set of 
elements of P not in o. Then consider V! (vi-++Un—-). Where, for 
every 7, vj (pi) 1, = 0 7), = (pd) (k = 1---4), 
\. is a left base in semi-normal form for the left linear set V’ = L, V%. 
which is of left rank Moreover, 0:V, DV’. Hence the 1,0; Vo > 
However, if *k,0;Vo > »—v there would exist a vector v in 0; Vo and 
an element p; (4 ~ 7) of the range P such that (pi) 1 and v(pj) = 0 
for every 7 — »—vr. Since this is impossible, = and our 
lemma is proved. 


LEMMA 6. Voy :): (Ow Vo)’. (Oow Vo)’. 

This follows directly from Lemmas 3 and 4. 

Lemma 7. Vé.). Vo Li Vo = Lo Vo Lo L, Vo Ly Li Vo. 

LEMMA 8. V, .). Ore Lr Vo One L Ve = One Vo = Ow Ve- 

Lemma 9. Ve" .). (Orw Vo)’ and Vii .). (One Vo). 

Lemma 10. V, :): (02, V,)! . V,)'. 

LEMMA 11. Vo.). Lo Orw Vo Ow Vo = Lo On Vo. 

Proof. LVo D L,-Vo and hence Vo = LVo CG Lr Vo Ono Vo, 
and since Op» Vo is properly linear it follows that 


( ) Ow Vo Lo Onw Vo. 


+ This lemma in its equivalent matricial form is due to E.H. Moore and is given in 
his course in General Analysis. The proof is the writer’s. It may be stated in the 
following form: 


12° 


ae 

we 

° 
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Lo LiVo Li Vo and hence Ow Lo Li Vo = Ovw Lo LiVo D Li Vo = Orw Vo, 
and since 0, Lo Li Vo is properly linear it follows that 0» Lo LiVo D LOrwVo, 
and hence 

(2) Ow Lo LiVo = Lo LiVo G Ow L Ovw Vo; 


using Lemma 5 and One Vo as Vo in (2) we obtain 
(3) Lo One Vo Ow LOvw One Vo Ow L Vo = Vo Ow Vo. 


hence by (1) and (3) we have Ow Vo Lo One Vo. 
LEMMA 12: Vo.). LOp»w Vo = Oow Li Vo. 
Proof. Applying Lemmas 11 and 1 to Op. Vo for Vo we obtain Lo Li Vo 
Lo One Ore Vo = Ove Ore Vo = Ow LOvw Vo and the lemma follows at once, 
This may also be stated in the form 


(12,) Ow Vo Lo LiVo. 
By use of the above lemmas we derive Table 1, which gives the results 
of iteration of the processes L,, Ly, --+. Oow. Thus we find from row 4, 


column 7, that Vo .). Lo Oye Vo <= Ow Vo. It should be especially noted that 
the three processes Ope, Unc, and Ly are generators of the whole table. 


TABLE I 


Li L Lo Lo Lo Li Ow LOw Ow Oow 


Lo Li 0, uw LO Oow 


£ 
Le |\L Ln L Lo Lele Ou Ov Vow 
L blo Lolly Loli Ov Oow | 
\Le | Lele Lela L Lo Lely Tole Qe Qe [rw Ge | 
\Le L,| Le Ly L L le Eel. lela Oe 
ek L Tole Eee Ge Gee 


One | Or Ore Ow Oow LOne LOre Loti Ly Lola Lol, L 
|LOne | LOne Ov hy Lolly LoL, L Io 


The proof of Table I may be readily effected by using the lemmas as 
listed in the following table. Numbers refer to lemmas of this article. 


| 
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Li L Lo Le Ly Lo Li | On, 1M), 0. 
Ly | 4 4 
La 4 4 
L ‘Def. Def. 
$3 Tal 
Lo I $3 Table ] 
Le Ly 1] 4 
Lo Li 4 11 6 7. 8. 12 
Osi 8 1 4,12, 5 
One 5 4, 12, 
6 7,8, 12, \4, 12, 5 
6 5 4, 12, 
| Def. Def. 12, 12, 
Ooy 12 12 11 11 


In order to see that there exists a number system 2%, a finite range 7, 
a commutative symmetric non-singular matrix w on PP to W and a set Vo 
of vectors on P to & such that the twelve sets L,Vo, ---, Oow Vo are 
distinct, consider 2 () (real quaternions), the range P° and w—= 6 and 


) 
Vo (O7 k 0) 
(000 —k). 


The twelve sets L, Vo, +--+, Oo. Vo are given below with their bases in the 
normal form: 


(1000 0) (100 0 0) 
(01 i400) (0100 0) 

“r 0 4 Vo 44 
001 0) Li 10 0) 
@ 1) (O 0 O01 7) 
Ev V = BAY OC 
(1 0 O O) @ @ 0) 
@ 8 Va L(10 0 9) 
(‘oO 1) (0 1 Q) 
00010 01000 


(0 0 0 0 1) (0 0 1 0 0) 
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(O V0 O 1) 


The iteration of the processes represented in Table | is associative. This 
fact. can be readily checked by consideration of the generators O,,, On, Lo. 
There are 107 distinct closed sub-tables in Table I. They are listed 
below by giving the generators, in each case choosing the minimum number 
necessary. The order chosen is not dependent on the number of generators 
but on the number of processes generated. This number is shown in 
Roman numerals, If the two tables include the same number of processes 
we list first that one whose first process (relative to the order of Table 1) 
not in the second table precedes the first process in the second table but not 
in the first. We denote by setting two numbers before a list of generators 
that one may secure by parity a distinct table which therefore is not listed. 
L120. 4. Ly. 5,6. Lo Ly. 
7,8. Lr, L. 9,10. Lr, Lo Le. 11. L, Io. 12,13. L, Lo 14.0 
15, 16. Lo, Lo L, 17. Oo. 18. Lo ny Ly 19, 20. LO. 
21. L,, Li. 22, 23, Lr, L, Le Le. 24, 25. Ly, Le Ly. 26, 37. Lr, Oe. 
28, 29. Lr, Le. 30, 31. Lr, LOm. 32, 33, L, lo, Lo L,. 34. L, 
Loli. 35. Lo, Lo Lr, Lo Li. 36, 37. 
IV. 38, 39. L,, Li, Le Ly. Le, Li, Ve. 41, 42. Ly, L, Le. 48, 44. Lr, 
Lo Ly, Lo la. 45, 46. Ly, Om. 47. L, Lo, Lo Lr, Lo 48. L, 
49. 60. 52. Le, 3B. Le Le; 
V. 54. Lr, La, lo Lr, Io Ty. 55, 56. L,, Lo, Lo Ln. 57, 58. Lr, L, LOw. 
59, 60. Lr, LOvw. 61, 62. Lr, Vow. 63, 64. L, One. 
VI. 65. Ly, Li, Lo. 66,67. Lr, La, LOw. 68, 69. Ly, L, One. TO, TI. 
Ly, Ove. 72, 73. L, Le, 14. L, Lo Lr, LO rr. 
VII. 75, 76. Ly, Li, Ow. 78. Lr. Lo, LOn. 79, 80. Ly, Lo br, 
81, 82. Lo, Om. 83, 84. Lo Lr, Ore. 
VIII. 85. Ly, Li, Lo Lr, 86, 87. Ly. Lo, One. 88, 89. Lr, Lo Lr, One. 
90, 91. Ly, Lo Li, Om. 92. L, Lo, Lo Ly, LOre. 
IX. 98, 94. Ly, Lz, 95, 96. Ly, Loe, LOrw. 97, 98. Le, Let, Ores 
X. 99. Ly, Li, Lo, 100. Ope, Ot. 101, 102. L,, Lo, Orr. 103, 104. 
Ly, Lo, Lo Li, Ou. 
XI. 105, 106. L,, Li, Lo, Ore. 
107. Ore, Otc, Lo 
Since relative to a subset V, of Vo we may determine the sets O;. Vo, 
One Vo, LOre Vo, LOne Vo, Ow Vo and OorVo from the sets L; Vo, L, Vo, 
Lo LiVo, Lo Lr Vo, LVo, Lo Vo respectively, and conversely, we see that 


(O10 0 0) 

(O 0 1 0 0 

OV, Oy 0 0 0 O) Oy Vo 
(O00 1 0) 
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the Table IL of I, § 3, shows us which of the twelve sets are determined, 
in general, when any combination of a number of the sets is given. 

Although we have defined the orthogonal complement of a set Vy explicitly 
our table could be arrived at from a postulational point of view. 

Consider a system 2 satisfying the postulates of I, § 1, and further two 
processes 7', and 7; such that corresponding to every subset ( of UL there 
exist two subsets 7). 0 and 7), of U and the four following conditions 
are satisfied : 


(1) Uy .). (a) Ty Uo T, Li U5, 
(b) 7) Uy Ly U5; 
(2) .).(a) T, Ti Uo Uo, 
(b) 7) T, Uo Li Ug; 
(3) UDU..).(a) TU, Cc 7, 
(4) .). Te Ue T, U5. 


rom the above conditions we see that 
(Tr (Tr Us, 


for L, Ty Uo T, T L, T, Oo T, Tr Ty Uo Ty 1a Uo T, Up. We 
define 7'U) and Ty as T, LU, and Ly Uo respectively. The necessary 
lemmas for the construction of an iteration table of the 7-processes may 
be readily derived and a table arrived at in terms of the 7”s of which 
Table I is a special case. 

3. Applications to the case where % is real, complex or qua- 
ternionic. In case 2% is the real, complex or quaternion number system 
there exists for every number « its conjugate a. We define the conjugate 
of a veetor v das v (v (2) | 2) and the conjugate of a subset 
of V as the totality of the conjugates of the vectors of Vj, in notation Vy. 
We readily verify the following statements: 


(1) la Vo, 
(b) LV, LVo, 
(c) Lo Lo Vo. 


Since in the case of quaternions every properly linear subset of V has 
a commutative base it follows that 


2 
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In such a case the notion of what we shall eall conjugate orthogonality 
proves useful. We define the sets 0; Vp ete. as follows: 


0} 
0; Vo 
0’ Vy 
05 Vo 


On Vo 
0, Vo 
0; L Vy 
Lo Vo 


fall Supe 0) 
OV,: 
Oo Vo- 


Since every properly linear subset Vo of Vo has a 


follows that 


(3) Vo! 


Vo 


(4) Vo ). (a) OF V, 


(b) Of 07 Vo 


Vo 


0, Vo 


(vo); 


commutative 


0' Vo; 
0,-02 Vo 


Ly Vo, 


0, O, Vo 0), Vo — Lo Li Vo- 


base it 


By use of the above definitions and lemmas in connection with Table | 
of $2, we arrive at Table 1 which gives the iteration of the processes 
0}, OF and Ly and the processes which they generate. 


L, Ly 
Ly L, L 
li L Li 
L L, L 
Lo Lo Lr Lo La 
| Lo Ly, Lo Ly L 
| Lo La} L Lo Li 
0’ 
0} 0’ 


LOL LO, 
Lo; LO; 
0’ 0’ 0’ 
0 10}, LO; 


table are distinct. 


0’ 
0)’ 


Lo 
LO}. 
LO}. 
LA}. 
Lv; 
L0; 
LO! 


In this case, 


0} Vo Ly (0 1 
LO; Vo = LO Vo, 
0' Vo = OVo, 


700), 


TABLE I 

Lo ly OF 0} 

Ly Ly 0; 
Lo lr LOL O; 
Lola LO, Lv; 
Lo ly 0 ()’ 
lo ly 
loli 
Lo, Ly Lo Li 
LO, lolly li 
LO, Lo Li 
LO, holy L 
LO, Lolly Loli 
Lo, OL L 


0) Vo L,(0 001 
LO; Vo = LO, Vo, 
06 Vo = Oo Vo. 


LO}. 


LO, 
10); 
LO; 
LO}. 
LO}. 


0 447 


Lo 
Lo Ly 
Lo Lr 


4 
40 


10} 


LO} 
LO; 
10; 
LO; 
LO} 
Lo Li 
Lo La 
Lola 
Lo la 
Lo La 
Lo La 


0% 
05 
06 
Oo 
0% 
Lo 
lo 
Lo 
Lo 
lo 
lo 


—i), 


The example illustrating the distinctness of the twelve processes of Table I, 
$2, may be used to show the fact that the twelve processes of the above 


| 
= 
L lo 0’ 
L te lel, 0! 
0" 
L Lo 0’ 
Of L 
Ob L 
Of L 
is 
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It should be noted that relative to subset 1, of V we can determine the 
sets 0} Vo, LO; Vo, LO; Vo, 0’ Vo and 06 Vo from the sets L, Vo, Li Vo. 
lo Ly Vo, Lo La Vo, LVo and Lo Vo respectively, and the converse is true. 
Thus Table II of I, § 3, shows which of the twelve sets L, Vo, ---, 06 Vo are 
determined, in general, when any combination of these sets is known. 

Except for the 0} and 0; rows and columns, Table J can be obtained from 
Table I of § 2 by the substitution of LO}, L0;, 0° and 06 for LOg,-, LOp,, 
0, and Oo» respectively. Hence a list of the closed subtables of Table | 
not involving either 0) or 0; may be obtained by the same substitution in 
the list of the closed subtables of Table I of § 2 which do not involve 0,,,, 
and O;,. Besides these 73 closed subtables we have the following 18 listed 
by their generators: 


2. 
Vi. 3, 4. L, &. 

Vil. 5, 6. L,, Of. 

VIII. 7, 8. Lo, 0}. 9,10. LoLy, LoLu, 07. 
11, 12. L,, LeL,, G. 
X. 13. 0;, 0. 14, 15. Lo, LoL, 0}. 
XI. 16, 17. L,, Lo, 02. 

XII. 18. Lo, 0;, 01. 


We can arrive at a generalization of Table I from a postulational point 
of view. Consider a system & satisfying the conditions of I, § 1, and two 
processes 7) and 77 of such a nature that for every subset U, of U there 
exist two subsets 7/1), and 77 Uy and the following conditions are satisfied: 


(b) = Tih; 


(2) Us .). (a) Tr L, Uo, 
(b) Uo = Li 


(3) DU; ).(a) 
(b) 


(4) U,'.). Ue Ti Up; 
and we make the following definitions: 


T’U, = LU, T; Lo Uo. 


if 
oa 
ax 
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The necessary lemmas for the proof of Table I in terms of the 7”s 
instead of the O's may be readily derived. 

4. Identity matrices for properly linear sets. In this article we 
arrive at a generalization, relative to properly linear subsets Vy of V and 
certain commutative non-singular matrices, of the notion of an identity 
matrix. Moreover we show that for every properly linear subset Vo 
of V there exists a commutative symmetric non-singular matrix w which 
transforms V, into a properly linear subset V, of V which is supplementary 
to its orthogonal complement. 

Throughout we prove theorems by proving them for the case where YI 
is a field, and noting that due to the existence of a commutative base for 
every properly linear set the theorem follows from the theorem for the 
special case. 

In the case where % is a field the six linear processes L, ete. and the 
six orthogonal processes 0,,, ete. coincide. 

LemMA 1. Jf ts a field not modilo 2, Vy is a linear subset of V with 
rank r greater than zero, and w is an n by n commutative symmetric non- 
singular matrix such that 110, Vo,Vol és the set consisting of the single 
vector Oy, then there exists a vector vy of Vo such that S*rowery + 0. 

Proof. Let vor--+vor be a base for If for every r, 0, 
there exists an / and a / such that 4 and S*vo; + Since 
2 1+ 1 + it follows that S?( voi + ry) + vq) = voi wee 4 9, 
and hence vp; + vo is effective as the vp of the lemma. 

That the lemma need not hold for the case of a field with a modulus 2 
is shown by the following example. Consider 2’, integers modulo 2, 
w — 0, and 

(1 1 0) 


- 
(1 01): 


the OV, L(111) and Vy consists of the four vectors (0 0 0), (1 10), 
(101), and (011), but all the elements of Vo are self orthogonal. 

THeoreM 1. Jf W is « field not modulo 2, Vo is a properly linear subset 
of V and w isan n by n commutative symmetric non-singular matrix such 
that OV[0.Vo,Vo] és the set consisting of the single vector Oy, then there 
exists one and only one n by n matrix € of such a nature that 


(1) v9 Uo = (vo), 
(2) Vy. Sev (wv), 
(3) Vo D (vw — Sev) (v). 
Moreover € is commutative and therefore Sev = Sve for every v. 


ba 

4 

ef 
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Proof. Since Vy has a commutative base it is sufficient to prove the 
theorem for the case in which M% is a field. Relative to two vectors r,; and vr. 
we define the dyad (7, vz) as the matrix ® where ®(7, 7) = 1, (4)r2(7) (,/). 

The proof will be divided into two parts, Part I the existence of ¢ and 
Part 2 the uniqueness of «. 

1. Existence. Case l. rk Vo= 0. 

In this case the zero matrix is effective as «. 

Case 2. rk Vo y 


According to Lemma 1 there exists 7», such that + 0. Let 


Vor Vor) 


S* 


and Vo, L (v1). is effective as ¢ for Vo,. Consider Vos — Se, v9 (v)]- 
It follows at once that Vos is linear and + Vo 1 [Vo1, Vos] is the 
set consisting of the single vector Oy and 0,.Vo2 D Vin. Hence if there 
exists a matrix effective as for Vos, 4 is effective as «. Thus 
the existential part of our theorem is true for the case when the rank 
of Vo is + in case it is true when the rank of Vo is »-——1. Hence, since 
we have found an effective « in case rik Vy = 0, there exists an effective « 
for the case in which rk}, re 

Part 2. Uniqueness. 

Consider «’ and e«” effective as « of the theorem: 


veto — Sev) wero = — wr = 0 
(1) 
(2) v.). S(e —e")r Vp. 


Hence from (1) and (2) and the hypothesis of the theorem it follows that 


—e")r Oy. 


” ° ” 
and hence « --«” is the zero matrix and ¢ = « 
THEOREM 2. Relative to a properly linear subset Vo of V_ there exists 
“ commutative non-singular n by n matrix D such that 


w = 1) (0. Vo, Vol [Oy]. 


Proof. Since V, has a commutative base it is sufficient to prove the 
theorem for the case in which Y is a field. 


| 

| 
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Case 1. UA is a field not modulo 2 or 3. 
Consider Vo,. == |v --- vy] the base for Vy of normal form. It is readily 
seen since order is not involved that we may assume o, = (1 --- r). 
Let if Sx,v, 40 and @, = 6+-4,, if Sv, v, = 0 and w, = SO, 
Then 
Sr,v, + 0.). 0, = 8mm, 


Sr 0 ope Sey wy Vy 3 | 0. 


Let V, = L(v,) and «, be the identity matrix of Theorem 2 for V; in 
respect to w,. Then the set [vj — Se, v7 via (i = 2,3,---,7r)] is a base 
in semi-normal form for the w,-orthogonal complement of V, in Vo. 

This process may be repeated by the general recursion formulas for 


é; == the identity matrix of Theorem 2 for Vj in respect to w;. 


— Segui = vg (6 = +1,---,7)] is a base in semi-normal form for the 
wj-orthogonal complement of V; in Vo, and 


= if +0, 
but 
= if = 0 
and 
= 
Hence 
Wj 1 Vi i—1 Sv; Wi Ui i-1 0 ] % 


Uj 1 Uj 1j 0, 


Hence ®,. is effective as the ® of the theorem. 

Case 2. YA is a field modulo 2 or 3. 

In this case we make = if 0. 
Otherwise the proof is analogous to that for Case 1. 

We may state Theorem 3 as follows: Relative to a properly linear subset 
Vo of V there exists an n by n commutative non-singular matrix © which 
transforms Vo into a properly linear subset Vo of such a nature that OVo is 


supplementary to Vo. 


UNIVERSITY OF CHICAGO, 
Cuicaco, IL. 


E 


ON THE REPRESENTATION 
OF A CERTAIN FUNDAMENTAL LAW OF PROBABILITY * 


BY 


H. L. RIETZ 


1. Introduction. In his Théorie Analytique des Probabilités.t Laplace 
makes use of a function which we may write in the form 


in which each expression (2—ma)"", m = 0, 1, 2,-+-, #, is assigned the 
value zero if the number «—ma is not positive. 
With /(~) thus defined, Laplace found that 


(a) da 


gives, to within infinitesimals of higher order, the probability that the sum 

of nelements each taken at random from a given range 0 to a (a> 0) 

of uniform distribution, will fall into the interval « to x+ dz. 
Laplace applied the above formula to the historic problem? of finding 

the probability that the inclinations of the orbits of the ten planets besides 

the earth known at the beginning of the year 1801 do not constitute a . 

random distribution. 
When Laplace proceeded to apply his theory to the orbits of all comets§ 

known at the end of the year 1811, the number ~ in formula (1) was so 

large as to render the formula impracticable for numerical computation. 

Laplace|| used the form 


(n+rV (a +rVn—2)" (3 (n+1V — 


2"(nm—1)! 


(2) 


* Presented to the Society, April 13, 1923. 3 
See Troisitme Edition, 1820, pp. 257 263; ct. E. Czuber, Wakrscheinlichkeitsrechnung, 
vol. I, 1914, p. 66. 
; Loe. cit., p. 261. 
§ Loc. cit., p. 262-3. 
Théorie Analytique, p. 173, Troisiéme Edition. 
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where (n+7 V =.r/a, in place of f(x). He used* 
3 3 


as an approximation to (2) and the integral of (3) as an approximation 
to the corresponding integral of (2). 

It was recognized by Cauchy that the methods used by Laplace in ob- 
taining the approximations were lacking in rigor. In fact, Cauchy? put 
the results on a much more secure basis in a memoir published in 1841. 
Todhuntert described this memoir as “very laborious and difficult, so that 
this portion of the théorie des probabiltés remains in an unsatisfactory state.” 

It is the main object of the present paper to put this portion of the 
theory of probability into a more satisfactory state by developing an ap- 
proximation to f(7) by means of a Gram-Charlier series. It results that 
the approximation used by Laplace is given by the first two non-vanishing 
terms of this series, and that closer and closer approximations in the sense 
of the theory of least squares are obtained by the use of each additional 
term of the series. The approximation obtained by retaining three non- 
vanishing terms of the Gram-Charlier series agrees exactly with the corre- 
sponding terms of the Cauchy series, but the derivation of Cauchy does 
not seem to imply that his approximation is best in the sense of a least 
squares criterion. 

The main difficulty and much of the interest in our method of finding the 
approximation consists in obtaining remarkably simple expressions for the 
moments of area under the theoretical frequency curve. Certain auxiliary 
theorems proved in this connection seem to be new and to be of interest 
in combinatory analysis. 

2. Symmetry of the curve y = /(xz) about the line xz — na/2. 
It will be convenient later in this paper (p. 204) to use the property that 
the curve y J(«) is symmetrical about the line « = na/2. To prove 
the symmetry in question, we may first assume that the probability that 
the sum of the distances of x random points on the line AB from the 
point A will fall into an assigned interval 7, to #,-+ds 


A B 
0 


* Loe. cit., p. 173. 

+ Mémoire sur divers formules relatives a lau théorie des intégrales définies et sur la 
conversion des différences finies des puissances en intégrales de cette espéce, Journal de 
L’Ecole Polytechnique, Cahier 28, Tome 17 (1841), pp. 147-248. 

* Todhunter, History of Probability, 1865, p. 527. 
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is the same as the probability that the sum of the distances of B from 
the » points will fall into the same interval. Next, it is obvious that a sum 
of distances of such » points from A falls into the interval xz, to 7,-+ da 
when and only when the corresponding sum of distances from the points to B 
falls into the interval na—«#,—dzx to na—.s,. Hence, the probability 
that a sum of distances of the » points from A will fall into the interval ~, 
to «,+dx is equal to the probability that the sum will fall into the 
interval na — «,— dx to na—s,, and the svmmetry of the probability 


curve y about « = na/2 is established. 
3. On the convergence of the Gram-Charlier series represen- 
ting f(x). The function y S(x) (n = 2) may obviously be regarded 


as the sum of a set of rational integral functions with junction points 
at r= a, 2a,---,(m—1)a and with end points at = O and » = na. 
Hence, y = /(«) and its successive derivatives are continuous from 7 = 0 
io « = na unless it be at junction points. It is easily shown* that 
y = f(x) = 0 when « = na, and we shall find it useful for our purposes 
to use this extended interval of definition of the function. Furthermore, 
we shall find it convenient to extend the interval of y = /() from « = 0 
to —o by making y = f(a) = O throughout this extension. Then the 
end points « = O and « = na of the original interval 0 to na become 
junction points. 

It follows that f(«#) is continuous at any junction point « = pa because 
the additional term of (1), added for the interval pa< «<(p+1)a, has 
the limit zero as x>pa. 

The first derivative of (1), 


da a“ (n 2)! | ] 
(4) 
t » 
+(— (a: — na)" 
n 
is likewise continuous at the points « = 0, 2a.---, na, except when » = 2. 


When n = 2 and « — a. we have 


dy 1 1 


da a” an 


according as x—a from below or above a. 


* Cf. Chrystal’s Algebra, Part 2, 1889, p. 210. ° 


a 
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The second derivative of (1), 


da* a“ (n-—3)! \" ay" 2a) 


‘ 
n 
is clearly continuous when n> 3. It is continuous when » = 3 except 
at uv 0, a, 2a, and 3a. 
For example, when 3 and a 2a, we have 
a a 


according as x—>2a from below or above 2a. 

The examination of the function for continuity could be extended in an 
obvious manner to higher derivatives, but we shall be interested mainly 
in the continuity of /() and its first and second derivatives. 

The theory* of the Gram-Charlier representation of an arbitrary frequency 
function may be based on the theoremt of W. Myller-Lebedeff proved by 
the use of integral equations, that any function g(z) which together with 
its first and second derivatives is finite and continuous from —x to +x 
and for which 

lim g (2) 0 

can be represented by an absolutely uniformly convergent infinite series 
of the form 
(6) (y Dy(zZ) + D, (2) + (2) + +++ -+ 


where @®,(z) is the product of the Gaussian probability function 


and the /th order polynomial of Hermite #/;(z). 


*J. P. Gram, Journal fir Mathematik, vol. 94 (1883), pp. 41-73; also dissertation, 
Copenhagen, 1879. 
©. L. V. Charlier, Uber die Darstellung willkiirlicher Funktionen, Arkiv for Ma- 
tematik, Astronomi och Fysik, vol. 2, No. 20 (1905-1906), pp. 1-33. Vorlesungen 
iiber die Grundziige der mathematischen Statistik, 1920, pp. 67-78. 
Cf. H. Bruns, Wahrscheinlichkeitsrechnung und Kollektivmasslehre, 1906, pp. 115-125. 
Cf. Mises, Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 21 
(1912), pp. 9-20. 
+ W. Myller-Lebedeff, Math@matische Aunalen, vol. 64 (1907). p. 400. 
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bs We have shown that the conditions of continuity are satisfied when 
n >3. Obviously the condition 
lim f(x) 0 
is also satisfied. 
In this representation by (6) the ®-functions and the H-functions form 
a biorthogonal system. Thus 
| Hy (z) dz if m nN. 

The representation of / (a) by such a convergent infinite series naturally 
suggests that the first few terms of (6) might give a valuable approximation, 
but the representation is particularly appropriate because it can be shown 
to be best in the sense of the theory of least squares. 

4, Change of origin and unit. It is well known* that by both choosing 
the origin of coérdinates so that the «-coérdinate of the centroid of area 
bounded by the graph of the function to be represented and the x-axis is 
equal to zero, and choosing the standard deviation (radius of gvration), o, 
as the unit of measurement, we have 

0 and 0. 
We aecordingly make the transformation 
wa 
2 
and let 
(7) y (x) = gy (2). 

Moreover, we shall see presently that any coefficient ¢;, when / is odd, 
vanishes because of the symmetry of y y(z) about 2 0 which was 
proved in §2. Thus 

(—1¥ 
(8) Cj Hi(z)dz, 
D 
*H. Bruns, loc. cit., pp. 118-119. 
(. V. L. Charlier, loc. cit., pp. 62 67. 
18 
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where 


is the Hermite polynomial of order 7. 

The determination of «; from (8) would, when ¢ is odd, clearly involve 
merely the sum of a set of odd order moments of area about an axis of 
symmetry so that each moment is zero. Hence, ¢; 0 when 7 is odd. 

We may then write in place of (6) 


(10) Dy (z) + Og(z) 4+ 


Let us examine the finite series 
(11) U(z) Dy (Zz) + coy Do; (Zz) 


as an approximate representation of g(z). 

When the coefficients co, co, «+--+, ¢, in (11) are given the values in (8) 
obtained by the use of the biorthogonal property of the ®@ and H-functions, 
it is known that we have the best approximation of (’(z) to g(z) in the 
sense that a certain least square criterion* 


is a minimum. 
Moreover, it is known from a general theory of Gram that the approximation 
of U'(z) to g(z) becomes closer? and closer with each increase of / in (11). 
In the use of the least squares criterion (12), a question naturally arises 
as to the propriety of weighting squares of deviations 


with the reciprocal 


of the Gaussian probability function. Gram uses this weighting without 
commenting on its propriety so far as I have been able to find. One fairly 


Gram, loc. cit., p. 54; ef. Mises, loc. cit. p. 20. 
7 Loe. cit., pp. 47-55. 


| 
e(a—1) 4(2—1)(2—2)(2—3) 
(9) 5 Z 
[y(z) 
l 
= Vine” 
(z) 
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obvious point in support of such weighting is its algebraic convenience. 
Another point suggestive of the given weighting is found im the fact that 
the reciprocal of ®)(z) as a weight tends to weaken” the effect of the square 
of @)(z) which occurs as a factor in [g(z) —U(z)]*. Furthermore, it seems 
natural to have regard for algebraic convenience in this connection because 
practical statisticians have pointed out the fact that different sets of weights 
frequently lead to almost identical results. While a sort of rationale thus 
underlies the scheme of weighting, there remains an element of arbitrariness 
about it in the sense that it is not necessarily better than some other 
weighting which might be proposed. 

5. Coefficient of the ®-series expressed in moments. We shall 
give special attention to the approximation by the use of the first three 
terms of (11) because we obtain the approximation which Laplace used 
from the first two terms, and a closer approximation in the sense of the 
theory of least squares by retaining three terms. 

The coefficients «, c4, cg are now easily expressed in terms of the area 
A = 1 under the curve y = /(7) and the moments of this area about 
the axis « = na/2 through the centroid. Let mw, be the gth moment of 
area about this axis. Then 


na na \q *na/26 
(13) ity = | f(a) de = | 24 q(z) dz, 
| e 


9 
) - 20 


from the definition of y(z) in (7). Then by means of (8) and (13), we obtain 


l 
(14) 0 a? 
3y recalling that o = Vs, we may say that the difficulties of our 


problem have now been reduced to that of expressing the moments jg, M4, 
and ws in simple form. In this process we shall derive some remarkably 
simple results from somewhat complicated combinatory forms. 

6. Area and moments of area under y = /(x). From the definition 
of f(x) it is fairly obvious that the area, A, is 1, but we present a veri- 


* Suggested by Professor K. L. Dodd. 


| 
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fication of this fact because we lead up in this way to the method by 


which we have found the moments of area. We should keep especially in a 
mind in this connection that each parenthesis (a—ypa) of 

a“ (n—1)! | 
n 
-- (—1)” | na)” 
is assigned the value zero when «—pa is not positive. 

The area would be found by integrating the first term of the right hand 
member of (17) from 0 to a, the first two terms from a to 2a, the first 
three terms from 2a to 3a and so on. But this process is equivalent to 
integrating the first term from 0 to na, the second from a to na, the 
third from 2a to na and so on to all the terms. Thus, es 

ma *na n “na 
a’(n—1) | MI dr | | | (r-—2a)" 
] eJa 2a 


(n- 1a 
3 (n—1)" — 2)" — (— 1" | 
(19) 1)!. 
Hence. 
(20) As=1. 


Moments of odd order. The moments of odd order of the area about 
its centroid vertical « na/2 are each equal to zero, because of the 
symmetry about this axis. Hence we have 


Moments about the axis x na. We shall first find moments about the 
axis = na, then after considerable simplification, we shall express the 
moments about the centroidal axis « = na/2 in terms of the moments 
about «= na. We let mw, represent the gth moment of the area about 
the axis = na. 


*Czuber, Wakrscheinlichkeitsrechnung, vol. 1, third edition, 1914, p. 66. 
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; (a) Second moments. In this case we have 
*na 
1 yes = na)? dec — ( a)" (a4 — na)? da + 
\ 1 /eJa 
/ n *na 
| 
na—a 
n “na 
= | a” — | (x—a)"" 
n \ *na 
+ (—1)""! | } 
I na—a 
1 2 | in n 
1 (5 
+ (—1)" 
— I 
n(n+1) (n+ 2) 2 
+(—1)" 
— 1 
2a* | n 
- }(n—1 + | } —... 
(n+ 2)! | 3; 
(21) 
where the terms (#—p) are assigned the value zero whenever n—vp is 
not positive. 
(hb) Fourth moments. In this case, 
n\ 
a" (w—1)! = | r—na)* da:— | | '(a--na)tdat+ --- 
] Ja 
n 
+ ( | 
n—1) Jna—a 
in 
| (9 na)idx — | { 
1 eJa 
n “nu 
+ (—1)*"! | | (2—na+a)y (a—na+ta—a)‘ da 
e/na—-a@ 
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a‘ 4! 


n l 


(c) General formula for moments of order m (m any positive integer). 


22) 


By a process similar to that employed for second and fourth moments, 


we find the mth moment about na to be 
a’ m! | n 
" — (— ] ym (n n — Q)n+m 
(23) 
| 


where m is any positive integer. 

7. On the reduction of certain combinatory forms. The moments 
of area about the axis » na obtained in § 6 involve combinatory 
expressions of the form 


t! n 
iz 
(24) 
where ¢ is an integer > 1. 


Although it is well known that /'(n,0) = 1, and that the expression in 
brackets in the right hand member of (24) is equal* to zero when ¢ is 
a negative integer (2-+-¢ > 0), no simple values seem to have been found 
for F(n,t) when ¢ ~1, so far as the writer has been able to learn. 

In what follows, we obtain simple polynomials in » for F'(n,¢) when 
t 1,2, 3,---,6, and find (§ 9) that the results lead to very important 
simplifications in the first six moments given in § 5. Similar results could 


* Picquet, Journal de Mathématiques Spéciales, ser. 3, vol. 2 (1888), pp. 150, 172, 
196. E. Netto, Lehrbuch der Combinatorik, 1901, p. 37. 
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be obtained for somewhat larger values of /¢ if they were needed. 


the writer has derived the results for ¢= 7 
theorems giving F’'(n,7) for ¢ = 1,2,3,-- 
will be proved: 


In fact 


and ¢= 8&8. The following 


-,6, in the form of polynomials 


13% 


n 
(25) Fi(n, 1) 
n(3n+ 1) 
(26) F(n, 2) 
12 
+ 1) 
(27) F'(n, 3) 
( 8 
3 2 
n n | 
(28) F'(n, 4) n = 
n? 
(29) F(n, 5) 
& \4 6 1? 
(30) F (n, 6) (= 4 
4\16 16 16 


It may be observed from (23) and (24) tha 
(25), (27) and (29) are involved in odd order 
axis « = na. 

Thus for the first moment about the axis « 


nti 
I) 


Then using (24) with 


(31) a F(n, 1) 
But 

na 

(32) 


since the first moment coefficient «;{ is simply 
of moments to the centroid. 
From (31) and (32), we have 


* 


Fin, 1} = 


(33) 


144 24 63 


t the left hand members of 
moments of area about the 


= na we obtain from (23) 


+ | (n — +! 


the distance from the axis 


ie 
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Before presenting the proofs of the equalities (26) to (30), it may be of : 
interest to explain what suggested the values given for /’(n,7¢) in each 
case. The value of F(x, 2) was suggested by experimenting with the special 
cases 7 1,2,---, 6. The values of F(n, 3) and F(x, 5) were suggested 
by equating third and fifth order moments as given by (23) to the corre- 
sponding vaiues found by transforming the odd order momeuts about « = na/2 
to the parallel axis x na. The values of F(n, 4) and F(n, 6) were 
suggested by finding the fourth and sixth moments about « — na/2 of the 
area under the Gaussian probability curve which would fit y = f(.) best, 
and equating these expressions for the moments to the values of the corre- 
sponding moments #4 and mv, obtained from 4 and yé given in § 6, and then 
experimenting with corrections until a correctional formula was found which 
could be proved to hold for any integral value of x. 
We shall now prove (26) to (30) by mathematical induction. First, verify 
the relations for small values of n, say for 1, 2, 3. 
In the proof, we make much use of the relation 
(34) t) klik Ck, t F(k —1, A], 
which is easily established by substitution from the definition of F(x, ¢) 
given in (24), or by the use of a theorem? of combinatory analysis to 
which (34) is closely related. 
By means of (34) we can now prove that each of the equalities (26) 
to (30) is true for a positive integer i if it is true for n k—1., 
(a) First consider formula (26). From (34), 
(k+2) Fk, 2) kK{2F(k, 1)+F(k—1, 2)} 
since from (33), F’(/:, 1) == 4/2, and since we are assuming the equality (26) 
for n = k—1. Solving for F(x’, 2), we have 
k(3k-+1) 
7 9 
F(k, 2) 12 
which was to be proved. 
* Cf. J. Worpitzky, Studien iiber die Bernoullischen und Eulerschen Zahlen, Journal & 
fiir Mathematik, vol. 94 (1883), p. 210. =a 
+ E. Netto, Lehrbuch der Combinatorik, 1901, p. 169. ee 
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(b) Formula (27). From (34), 


(k+3) 3) FU, 2)+ —1, 
k(k—1)* 


(ik - (A 3). 
/, 4 8 8 ke >) 


since 2) k(3h-+1)/12, and we assume (27) for /—1. Hence, 


F(k, 3) = (k+1), 
which was to be proved. 
(c) Formula (28). From (34). 


4) k[4 Fk, 3)+ Fik—-1, 4)] 


1) (i;—1) (k (;—1)* 1) 


16 8 48 
| 1 


since F'(k, 3) k?(k-+1)/8, and we assume (28) for »n —/—1. Henee, 
k* 
4 Gets +47 


which was to be proved. 
(¢) Formula (29). From (34), 


(k+- 5) F'(k, 5) k[5F(k, 4)+ 5)] 


"lit ' s 32 48 
| 1) 
96 48 


Hence, 


which was to be proved. 


Pi’. 
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(ve) Formula (30). From (34), 


(k +6) F (hk, 6) k[6F(k, 5)+ —1, 6)] 


3.) - + 


8 | 16 . 64 64 
64 576 252 | 
4 16. 144 247 


Hence, 
4 \16 16 16 144 24 635 
which was to be proved. 

8. Simplification of moments. By the use of auxiliary theorems proved 
in § 7, we are now able to write the moments of area about the axis .r na 
given in § 6 in greatly simplified forms. Thus, by substitution from (26), 
(28) and (33) in (23) we obtain 


(35) 19 (Sn + 1)a*, 
(36) | + n*-+ 
6 15 
4 \16 16 16 144 24 63 | 


9, Even order moments about the axis x = na/2 through the 
centroid of area. The moments p., “,, “¢ about the parallel axis through 
the centroid are given in terms of m5, 44, “6, and the distance d = na/2 
between the parallel axes, by the well known relations 
(BR) pes -— , 


(B39) jeg — Opn d® + 4, 


Substituting in (38), (39) and (40) from (35), (36) and (37), remembering 
that odd order moments p,, #3, #5, are each zero, we have 
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(41) Ms 12 
i 
anu l 
9 
aon 4 
(43) 
12 \ 48 21 


10. The coefficients of the @(z)-series. By substitution for the 
moments #2, #@,, and weg in (15) and (16) their simple values given in 
(41), (42) and (43), we have 


(44) 
20n 
and 
(45) Ce 


105 n? a 


which seem to be remarkably simple results. 
Hence, we have, from (10), (14), (44) and (45), for the approximate 
representation of our frequency function 


where 
Go (2) 
V 2a 
2 
and 
an 
12 


a nit 20n 


105 n2 (2 152 452 15)]. 


The equation (46) may also be written in the form 
ig 
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The first term of (46) is the Gaussian probability function. The sum of 
the first two terms divided by 2 is identical with the approximation which 
Laplace used for formula (2) as may be shown by making the transformations 


11. Numerical checks on approximations. Although it is known 
(§ 4) that our approximate representation of  — f(x) is improved by the 
inclusion of each additional term of (11) in the sense of minimizing a certain 
least squares criterion, we find by numerical computation that the approxim- 
ation is not in all cases improved at every point by the inclusion of an 
additional term. In order to emphasize this fact, and to gain an insight 
into the progress of the approximation from term to term, the writer has 
computed tables of /(.7) and of the corresponding approximations for some 
simple values of ». The numerical computations are much facilitated 
by the use of published tables of ®)(z) and of its first six derivatives. 
A set of such tables to seven decimal places for values of z up to 4 at 
intervals of 0.01 are published in N. R. Jorgensen,* and a similar set of 
five-place tables to eight derivatives for z up to 5 are published by James 
W. Glover.+ 

In my numerical computations, the ordinates y = f(x) have ordinarily 
been found at the junction points described in § 3, because it is but natural 
to expect that the approximations might not be so good at these points 
as elsewhere. Thus, the values of /() and of the first, second, and third 
approximations, given by one, two and three terms of (46) respectively, 
have been computed at junction points for » — 12. It turns out that at 
the point « — 0, the second approximation is not so near the value of 
J (x) as the first approximation and that at the three points « = 4a, 5a, 
and 6a, the third approximation is not so near the corresponding values 
of f(7) as the second approximation. This simple case illustrates well 
the fact that the approximation is not improved at every point by the 
inclusion of an additional term, although it is improved in the sense of 
our least squares criterion. 


* Frequensflader og Korrelation, 1916, pp. 177-193. 
+ Tables for Applied Mathematics, 1923, pp. 391-411. 
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THE GROUP OF MOTIONS OF AN EINSTEIN SPACE* 


BY 


JOHN EIESLAND 


INTRODUCTION 

The question to what extent the general Einstein space is determined 
by its group of motions seems to be of interest from a physical as well 
as a geometric standpoint. 

In what follows we have discussed the problem of determining the group 
of motions in a given Riemannian x-space and its converse (Killing’s 
equations). The assumption is then made that an Einstein space whose 
linear element is 

3 3 


> Yik da; dir, > Yio da i dio J» 
1 0 


shall admit the group of “rotations” 


of Of 
Ge: at of J ie = 


and the following theorem is proved: 
A necessary and sufficient condition that the space (a) shall be reducible 
lo the form 
(b) —ds* + + sin® df’, 


Yi. Yo and gy, being arbitrary functions of r and t, is that it shall admit 
the group Gs as «a complete group of motions.+ 
It may further be required that (1) admit a one-parameter group 


oF . 
of ar’ 


where § and §, are functions of + and /. The necessary and sufficient 
conditions that this shall be the case are found to be 
Presented to the Society, March 26, 1921. 


7 This theorem has generally been taken for granted by writers on relativity. 
213 
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OY 
$14, % Ot Or’ 


(¥ an arbitrary function of gy; or a constant). It is then shown that if these 
conditions are satisfied, the space (b) may be reduced to the static form. 

Special forms of static spaces are then considered with special reference 
to their group properties and the principal curvature of their sub-spaces 


S,: ¢ 0: = ¢ 0; S?: 0 0. 


The question of the class of the quadratic form (}) is then taken up, 
and it is proved that a necessary and sufficient condition that ()) shall 
be of class 1 is 


(«) (02, 02) (13, 13) (O1, 01) (23, 23) -+- (12, 02) (13, 03). 


The general space (b) can therefore be immersed in a flat 6-space, and, 
if (c) is satisfied, in a flat 5-space. 
It is also proved that if a general space (a) admits any one of the 
abelian groups 
Of of of of of 
as complete group of motions, it is of the fifth, third, and second class 
respectively. Among these spaces is found Weyl’s static and cylindrical 
space admitting an abelian G3. 
1. The general differential quadratic form. Let there be given 
a general differential quadratic torm 


which may be interpreted as the linear element of a curved space S, of n 
dimensions. This space is said to admit of a group of rigid motions, if 
there exists a group of transformations 


which will carry the form (1) into the form 


n 


ds* ie dwt Axi, 
1 


ee 
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such that the coefficients aj, are the same functions of xi as the a,,’s 

are of x;. If the coefficients aj, are perfectly general, no such group exists. 
In order that a given form (1) shall admit a group* 

af 


Ox; 0 


the &s must satisfy the so-called Killing’s equations, 


Oa 
1 Ox; 1 Ou, 


the integration of which will determine the &’s as functions of 2; and + 
constants of integration. The maximum group has r = x(m+1)/2 para- 
meters, in which case the space S, has a constant Riemannian curvature. 
Bianchi+ gives Killing’s equations another form. 


OY. 
0 On; 4 


ik 
where ¢ , are the usual Christoffel symbols. All the second derivatives 
obtained from these equations can be expressed linearly and homogeneously 
in terms of the y’s and their first derivatives. We thus obtain the system 


4. 


1,2, m). 


If the systems (4) and (5) are completely integrable, the group has 
r= n(n-+1)/2 parameters. If r< n(n-+1)/2, the system is not complete. 
If therefore we form the conditions of integrability, we find new relations 
between the y’s and their first derivatives which must be added to the 
system (4). Continuing in this way we shall eventually arrive at the com- 
plete Lie-Mayer system defining the group. 

2. Let us suppose that a space 8S, admits at least a one-parameter 
group G,. By proper choice of variables this group may always be reduced 


‘It is clear that if (1) is invariant under the oo” finite transformations of the group (2) 
it is also invariant under the corresponding y infinitesimal transformations of the group. 
For proof of the converse see L. Bianchi, Lezioni sulla Teoria dei Gruppi Continui di 
Transformazioni, Pisa, 1918, pp. 493-495. 

7 L. Bianchi, loc. cit., pp. 502-503. 


216 JOHN EIESLAND {April 


to the form @f/dx,. If therefore we put §, 
in Killing’s equations (3), we find 


0 


Which means that the coefficients ay, do not contain «,. Hence, ¢f a space 
S, admits a one-parameter group of motions, its linear element can always 
be put in the form 


(6) ds* =z ain da, dar. 
0 


where the coefficients ax, do not contain a. 

Suppose further that the group G, is such that the infinitesimal motion 
at every point of S, has a constant amplitude. A motion of this kind 
corresponds to a translation in ordinary euclidean space (Schiebung). Since 
we have 6a; = £;d?¢. the condition to be satisfied, in addition to those 
of equations (3), is 


(4) = Wik Sisk const. 


the £’s are therefore the constants of direction at any point in S,. If we 
reduce ds* to the form (6) and apply (7) we find «,, — const. But the 
condition a,, = const. is the condition that the line x, shall be a geodesic 
in S,.t We have therefore the 

THEOREM I. An infinitesimal motion is a translation if, and only if. 
the trajectories of the group G, generated by it are geodesic lines in Sn. 

Any finite translation carries all the points of space the same geodesic 
distance from their original positions. 

We shall state the following proposition,¢ the proof of which we shall omit: 

If the space S, admits a translation, any spread formed by w%* trajec- 
lories of the motion is of zero curvature. 

3. The space of a four-dimensional metric field. After these 
preliminaries which are largely restatements of well known theorems we 
shall proceed to study the four-dimensional metric field of Einstein's relativity 
theory, with a special view to its group-theoretical properties. 


* The converse is also true: If the linear element of S, can be put in the form (6), 
the space admits at least a one-parameter group of motions. 

+L. Bianchi, loc. cit., p. 500. 

Loe. cit., p. 500. 
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THE GROUP OF MOTIONS 


OF AN EINSTEIN SPACE 
Consider the quadratic form 
3 
(3) ds* > Vit day. 


0 


Ene 


which in Einstein's relativity theory contains the metrical relations of time 
and physical space. Let ‘, ¢ being interpreted as time, and let 
ro, 43 be the codrdinates of a space such that its linear element 


ds? (ds*)ar, — () 
We may therefore put 
3 3 
9 
(9) ds- Yik = (ik da; ada}. 
1 1 


and we shall assume moreover that this form is positive and definite. The 
general quadratic form (9) may therefore be written 
3 

9 9 
(10) ds* Yoo dt goi dag dt — 


3 

> (ik adv; dx, 
1 
which is indefinite, the index of inertia being 3. go. may be interpreted as 
a velocity; for, if ¢ only varies, we have ds*/df Joo V? so 
V doo V has the dimension of velocity. 


that 
Let us assume that the coefficients goo, gio and aj; do not contain ¢. By 


Theorem I this means that (10) admits at least a one-parameter group of 
motions, namely 
(11) 


lf 


the invariant spreads of which are the 3-spreads 7 


= const. 
this kind we shall call with Levi-Civita a stationary space, so that we 
have the 


A space ot 


THEOREM Il, A necessary and sufficient condition that a general Einstein 
space (10) shall be stationary 7s that it shall admit the group (11). 
motion is a “translation” 
in S;. 


This 
if, and only if, goo ts a constant (Theorem 1). 
The path-curves of the transformation (11) are not in general geodesics 


Only when go is a constant will this be the case, and (10) may 
be reduced to the geodesic form 
(12) 


1 


in which the coefficients gj are absent and the new coefficients ay; do 
not contain ¢ as before. Since o' paths-curves of the ‘translation’ 


will 
14 


|_| 
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form a spread of zero curvature, the space (12) may be described as 
“eylindrical”’.” 

We shall, however, assune that the space (10) is general, the coefficients 4, 
being functions of oj, 7 0,1,2,3. By means of the transformation 


ro, (10, 1, 1s) 1, 2,3) 
we may remove the coefficients gj» in (10); in facet, it will be necessary 


and sufficient that the functions 7 shall be solutions of the differential 
equation 


(1.0) = Dy” - 0, 
0 
(so. = O being the conditions that the space aj, shall be 


orthogonal to the coérdinate line 14. The space (10) has now the form 


Let us suppose that this space admits a group G and let the general nature 
of this group be left arbitrary for the time being, except that it does not 


operate on ‘, i.e, it is a group of the sub-space .o const. We 
write then 
The equations (5) are 
3 3 qs 8 3 
1 1 ( Oud 1 
4 0 4 1 
(15) 
3 3 < 
’ > ’ = 
1 ( ry 1 "9 


The term “static” instead of “stationary” has been used by G. D. Birkhoff in a recent 
publication, Relativity and Modern Physics (Cambridge, Harvard University Press, 1923). 
If we consider the hydrodynamic analogy, it would seem that the term “stationary” is 
a better term. We do not speak of a “static” motion in hydrodynamics, when a stationary 
or permanent motion is meant. The term “static” field is used by T. Levi-Civita to denote 
a stationary field in which the coefficients gi are absent. See T. Levi-Civita, La Teovia 
di Einstein e il Principio di Fermat, 1) Nuovo Cimento, ser. 6, vol. 16 (1918), pp. 105-114. 


pe 

‘ 
1 
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Since the determinant «a, cannot vanish, the last three equations show 
that the Ss are independent of +»). The first of equations (15) becomes 


3 
0, 
4 

OL) 


which means that go is of the form goo (y, 7) Where g is an invariant 
of the group G, or else a function of «, alone, in which ease goo may be 
reduced to a constant. In the first case, since @ does not involve 79, goo 
is itself an invariant of the group. 

(a) goo an invariant of G. G must be an intransitive group considered 
as belonging to S; But since G does not contain a», nor operate on .7%, 
it must be a group of motions in 8; this is also clear when we consider 
that the remaining equations in the system (15) are Killing’s equations 
corresponding to the space S;. It should be noted that this does not 
prevent G from being a subgroup of a transitive group @ of motions in S,, 
but G will not belong to S; unless goo is a function of xv alone, or a constant. 

(b) go —= const. In this ease G may be any group of motions in S,, 
transitive or intransitive; it may even be the maximum group G, in which 
case S; is a space of constant positive or zero curvature. If G is a transitive 
eroup in Ss, it can belong to S, if, and only if, gy is a funetion of ., 
alone or a constant. We shall state these results in the following 

THEOREM ITI. If the space whose linear element is 


3 
2 
ds Yoo dia? dy, dry, 


admits a group of the form 
of of 


Our, Out's 


the 8s are independent of x, and the group belongs also to the subspace Ss. goo 
is either an invariant of the group, or a function of x alone. In the first case, 
the group ts mtransitive. In the second case, goo may by a transformation he 
reduced to a constant, and the group is either transitive or intransitive. 
A transitive group in Ss belongs to Sy if, and only if, goo is a constant. 

4. The group of “rotations” in 8,.* We shall suppese that S, 
admits the intransitive group of “rotations” about the origin in S;, viz. 


By a“ group of rotations’ we mean here a 3-parameter group in the variables x,, x.. x, 
having the invariant 2? +-.2 + 2}; are not cartesian coérdinates. 


OF; O OW; OS's 
‘ 
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The sub-space S,; is then said to be centro-symmetric. If in (15) we in- 
troduce in succession the following values of the &s, 


— S2 S3 0, 
Ly $y ry 


we obtain a system of equations for determining the quantities goo and dix: 


0 Yow 0 Jou Yoo O Jor 
ry 0, Vs; J's 
(a) 
0: 
Ow; 
ry 2 0) 
Od ( Io 
a ou 
11 11 
i 2 ity: 
A 
0 0 Mas 0 0 (as 
0 les (leo 
O, 
ry I's 
0 I's Iz — 2 des 0 
(17) 0 0 
L 9 
Vy = (13 
/ 
0 Aye 0 (yes 0 
(11 M22 0, 8 ~ hy 0, 
D's 0 I's 
Othe 0 M2 
Ags 0 
Ou | 
0 0 is 
+- 0, I's + ays 0 
O De 0 Le 
0a 0a 
0): 
13 13 ' 
M's — igg 0, 
On; 0 
0 les 0 lox 0 Mes; 0 flay 
= —(lig 0, To | Mag (gy 0 
0 Le ~ OW ) Xs 
Ole, | 
2, — ie 0 


bo 
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If we suppose that goo is not a function of 2) alone, the equations (a) 
express the fact that goo is an invariant of the group G;, so that we may put 


We proceed now to integrate (b). By elimination we easily find the 
following relations: 


(18) (3 (leg = 


The equations involving a2, a3, de; give, on integrating, keeping account 
of (18), 

(19) ig is (las 12 V3 Yrs 

y, being an arbitrary function of Vo} 4-73 + a2 and a,. We also find 
the relations 


(20) yy Myo (25 ID) Pos (x3 3) Gos 


Integrating the equations in @,, dz, and ds; we have 
2 2 2 


We have thus obtained the following quadratic form, 


2 da, + + da » | 9 
As? dr R? R - — dx; dst}, 
where V 43+ 22. Introducing spherical coérdinates 
R sin cos ¢, Xe R sin sing, R cos 6, 


we have, remembering that gy. and gs are arbitrary functions of R and 7», 


(21) ds* yp, dx — (9, + 9,) dR? — R* (d + sin? 0d 


The group Gs; becomes, on introducing the new variables, 


Of 
sing + coté@ cosy 
22) Og 
(22 
af of af 
U, COS J — sin oJ Us 
00 oy 


| 
f 
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This group is transitive considered as a group in the variables 6 and ¢, 
and the variable 2 does not appear, as was to be expected according to ee 


a theorem by Fubini.* We have thus proved the f 
THEOREM IV. A necessary and sufficient condition that the space (13) 
shall be reducible to the form (21) is that tt shall admit the group Gs as : 


a complete group of motions. 

For the purpose of further specialization we shall consider a few 
invariants that play an important role in the classification of 3- and 4-spaces 
and also in the general relativity theory. 

5. The total curvature of S, (curvature scalar) is given by the formula 


+3 0- 


(23) R & Phi. > {hp. ip} 


If instead of the symbols {hp./p} we introduce the Riemannian symbols 
(Ap, 7q), we have 


“3 
{hp, cp} > hp, iq) > gi (hp, iq). 
wherey 


preg 
im | h q / p pd 
and the quantities g’% are the co-faetors of y,, divided by g. We now 
define the following expressions: 


( 24) (Fin 9 ih hi Rin 


. yh 
and, introducing the mixed forms G;, we put 
yh 
j 
We shall also recall here that for the empty space in an Einstein solar field 


we must have Ry, = 0, or, what is the same thing, G7 0. Caleulating 
the curvature tensors Ry for the space (21) which we write in the form 


(21’) —ds* + sin? Ody") — dF 


*L. Bianchi, loc. cit., pp. 517-518. See also Fubini’s memoir in vol. 3 of Annali di 
Matematica. 
7 The non-vanishing Riemannian symbols (Ap,iq) are given on p. 238, equations (58). 


| 
} 
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we have 
Ri» (13, 23) +- (10, 20), Ris q "(19 32)-+ 10, 30), 
(26a) = (21.31) +.9%(20, 30), = (12, 02) + (13, 03). 
Reo (21, 01) + (23,03), Rao (31, O1) + g** (32, 02); 
R;, (12, 12) + (13, 13) + (10, 10), 
Rog g'*(21, 21) + g** (23, 23) + g°°(10, 10), 
(26)) 
Res (31, 31) + 32) + (30, 30), 
Roo 01) + (O02, 02) + (30, 30). 
Calculating the Riemannian symbols (hp, and substituting in these 
equations we find 
U, 0 Res 0, U, 
R l Ws OY; Oe 1 Oy; ] OY, 
ys Ordt | Or Ot | 2y2 Br Ot | Or 
sin-6é 2y. 492 dr Or ot 2y, of 
A. l OY. 0 Ps | 
4, of ot or or 
1 , 1 1 y, 1 O9s 
29; Of Ot 49,921 495 1 0) 
Yo OY, I OY, OY 
Or Ot Or Ot’ 
29; ot oft Or 4q,92 Ot Gt 


1 dy, dy I Rak 
or or 49; or 
4 
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(i; q Gi » h hu, = Gor Ry, 
yh 
h | 0 
Gs g** 13. 13) | ( 10. 10) (OB, 03). 
(28) 
gh (12, 12) (10, 10) (02, 02), 
( 12. 1?) } g'* 13. 13) g™ 23, 23): 
( l oY l | oy ogy 
OY | my 
0 I | | | Oy OFYs 
Gps l OG, l OY, 
of / Ly, y Ys aft 4 or a) 
ty 
Ys 
l I ys | Yo Os Oy; l Os 
Ys Or ot Of Or dr af Or OF 


It is significant that these mixed tensors do not contain any of the 
variables 6, while contains 4. 
6. We shall now suppose that the space (21') admits a one-parameter 


group whose infinitesimal symbol is of the form 


I 
| 
0) 


THE 


1925] 


where & and §, are functions of + and /. 
case, the functions 
shall now proceed to find. 


GROUP 


OF AN EINSTEIN SPACE AAs 


OF MOTIONS 


In order that this shall be the 
gy, and gy, must satisfy certain conditions which we 
The Killing equations (4) are in this case 


0 Po Ys ag, Oy, OY, 0 ay 
oft or OF aft 
(30) 
oft 0} af Oo} 


The third equation shows that g,; must. be 
lf wy, is not a constant, we put 


a constant. 


(31) 


Substituting the values of &, &, 


in (30) we have 


an invariant of the group or 


and their derivatives obtained from (31) 


OF; ) Ys 
00 aft at or “V2 oral 
01 
Po 
(32) 
OY, Os OY, OF; 
aft 0) of rot 
/ 
or 
where @ log 4. Taking account of (2%), these equations may be written 


(B33) Po (G1 


{ 
és log V2 Ys 4 

or or 
al 

‘ log V2 Vs 4 
of ( / 0 Ys 
or 


(io) | ‘We 0. 


| 
O Ys Os 
aft 
| 
at 
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The conditions which must be satisfied by the functions y,, g, and gs are 
therefore, besides (33’), the following: 


(54) | 
of Y's ay 
| at 
We now put 
(3+ ) 
or 0 fs af 
af ar 


from which we derive the differential equation for 4%, 


dy, dy, ow 


aft 0? or ot 


Hence, 4 must be an arbitrary function of gy, or else a constant. The 


conditions (34) and (33’) may now be written 


OY, Os 


or ot 


orn’ yl ,0 \- Ys 
) V2 Vs (Oy (Fy) ys) | ar at : 


These conditions being satisfied, the corresponding G, has the form 


OW 
e | Po Ys of e | Po Ps 
We have then 
The necessary and sufficient conditions that a centro-symmetric space with 
linear element 
(21') ds* Yo dy* 4 sin?@ 


and ws being arbitrary functions of and t and not a constant, 


shall admil a one-parameter group of motions G, are 


(35) Ys ip - 
0} 
(35 ) 1 Pr (7) | ys 
or ( 


where W is an arbitrary function of gs. or a constant, 


| 

| 

0. 
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But we know that by a proper choice of variables this group may always 


be reduced to the form (Theorem The transformation 7’ I(r, t), 
t), where and 7’ satisfy the two partial differential equations 


(solved by two quadratures), will carry (21') into the form 
(37) ge dr? gy (dO sin? 6 dy*)-— g, 


where g,, go and gs are functions of r alone. It should be noted that 
the transformation may always be so chosen as to preserve the orthogonality 
of the space S(r, 6, y) to the time-axis. We have therefore 

THEOREM V. The necessary and sufficient conditions that a centro-symmetric 
space (21) shall be reducible to the static form are given by the equations 
(35) and (35'). 

If we choose the arbitrary function 4 — const., we have, as a corollary 
of the above theorem, 


If Go and O, the centro-symmetric space (21') as reducible 
lo the static form. 
Since for an Einstein solar field we have Gy 0 it follows that the 


Kinstein solar field is necessarily static, 

For a class of spaces of importance in relativity theory the generalized 
Kinstein equations hold: Gia, = dgix, where 2 is constant. We have there- 
fore GA Gi Gy Henee, these spaces are also necessarily static. 
Examples are De Sitter’s cosmological space and the gravitational field of 


an eleetron.t 


The case y» const. needs special treatement, since 
Os 
Vs Vs 0. 
or oft 


It will be convenient to transform (21') into the form 


ds® yy (de® — (0? sin® 0d @”) 
Integrating equations (30) on the hypotheses , fy and Py const. 


we find 
( Po f*): 

“For a different proof of this proposition see G. D. Birkhoff, loc. cit. pp. 253-256. 

} A. S. Eddington, The Mathematical Theory of Relativity, Cambridge University Press, 
1925, p. 100 and p. 185. 


| 
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hence 


Without loss of generality we may put §, t, & =r, and the group is 


of, of 


ot or 


lf 
The integration of (36) will yield the transformation 
r+t R-e?, r R-e?, 
which will carry (21”) into the static form. We also find 


G; — Go 0. 
To this class belongs the space discussed by Levi-Civita (p. 238, footnote). 
This space is also necessarily static. 
The case where y, is a function of + alone, say ys; = 7°, is not special, 
since a transformation 
Ys; (7, t) 


will carry (21') into 


- dT? gd R*(d6* + sin® 6 dq*). 


0, since and (34') shows that is a function of 
alone. The condition (35') becomes 


(35”) 


7. We shall suppose that the linear element (21) admits the groups 
G, and Gs, all the transformations of which form a group G,, and that 
it has been reduced to the form (37). If gy is not constant, the trans- 
formation 


R V 9s, Po 
will reduce (37) to the form 


(38) ds* dr* + sin® 6dq*) 


admitting the group of motions G,. 


| 
i 
ij 
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We have now Ry; = 0, 7 + k, and the mixed tensors G;, which we shall 
substitute for the tensors Ay. become (equations (29)) 


Gi ° |». 4. |. Go Ps + 
, 
yi 


It appears from these equations that while G; ~~ 0, the same is not true 
ot the difference Gi —G). We find 


(40) — Go ps 


which vanishes if, and only if, y, (1 + gs) c. This ist he “* Leithypothese” 
of Kottler* which may be stated in the form of an equation as follows: 


the fs 0 (11 ye As 

Jie Gee 0 (los flog 0 

Geos Yass 0 (is Ass 0 

0 O 0 Joo 0 0 0 


where the a’s are the coefficients of the linear element of a euclidean 
space and ¢ is the velocity of light in “empty” space. In faet, we have 


—y, (1+ sin? = r* sin® 6(—c?), 
or 
Consider the three sub-spaces / Cr, 9 (2, 0 ‘;, having the 

respective linear elements 

Sh: ds? (1+ ys) dr? +77(de? + sin? 
(42) Ss: ds’ (1 - ws) di? 4- do? — gir. 

ds* (1 + ge) di* + 


*F. Kottler, Uber die physikalischen Grundlagen der Einsteinschen Gravitationstheorie, 
Annalen der Physik, vol. 56, pp. 401-462. Kottler considers this hypothesis as a sub- 
stitute in general relativity for the hypothesis of the constancy of the velocity of light 
in Minkowski’s mechanics. The hypothesis holds for an Einstein solar field, but not 
necessarily for spaces with a different mass-distribution. It does not hold for Einstein's 
cosmological space, although it does for that of De Sitter. 


fa 
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We shall calculate the principal Riemannian curvatures for each of them. 
We find’ 


Ys ys 
(1 + 27r(1 + 
(43) 
4y7(1 + we) 2r(1+ 
So: K; K;, K; K; Ki = K. 


Comparing these results with (40) we have, at once, 


K, + K2+ Ks, 


Since in S,; we have Ky k;, the principal trihedron with respeet to any 
point P has one direction completely determined, namely the direction of 
the tangent to the 7-line, while the other two directions through P, normal 
to it and to each other, may be chosen arbitrarily in the tangent plane 
to the surface + const. The space S, can therefore rotate freely about 
the geodesic 7.7 

This is not the case with the spaces 83 and S3, since the three principal 
curvatures are in general unequal. If, however, K} K}, Ss, and also Sz 
will have the same property as Ss: At a point P the principal direction 
along the v-line will be determinate, while the other two are arbitrary 
in the tangent planes to the surface » = const. The condition K2 K: 
imposes therefore a certain symmetry on the time space S,, namely 

The three subspaces Ss, SS possess, at any generic point P, “rotational 
mobility” about the geodesic r-line which passes through the point. 

It should be noted that, in the case of the subspaces S} and S3, a 
“rotation” about the r-line means a “hyperbolic” rotation, since these 
spaces have an indefinite quadratic form as line-element. If with Minkowsky 
we put 7/ /, the hyperbolic rotation becomes ordinary euclidean. 

*L. Bianchi, Lezione di Geometria Differenziale, vol. 1, pp. 365-358, and also Lezioni 
sulla Teoria dei Gruppi, pp. 546-547 by the same author. 

+ It should be observed in this connection that when we say ‘rotate freely about the 
geodesic 7" this does not imply that the »-line is an axis. It would be a geodesic axis 


only if K, = K, = 0, that is, if gy. is a constant. The transformation r V1 +yrdr 
will make r a geodesic axis. ; 


‘ 
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Since K K} is equivalent to the condition G; G\. or to the condition 
(45) (1+ 4,) const., 


we see that Kottler’s “Lesthypothese” is equivalent to the assumption of fre 
mobility of the subspaces S3. S3. Ss about the v-line. 
With this assumption the linear element takes the form 


(46) (1+ 4,) dr? +o? (dé? sin? df 

and we also have, from (40), 

(47) Gi = Go = Ki4-Ko+K;, = G3 = Ki+K2+K3 = Kit K2-+4Ks. 
8. We shall specialize further by assuming various values for the sum 

of the three principal curvatures of S;. which is the space part of the 


time-space Sj. 
(a) K,+Ao+ Ky 0. We have from (40) 


0, 
ry, 
Putting C — ar” we have 
a 
=), 1+ 9, = 
| 


Which is Sechwarzschild’s solution for the line-element of a static and 
stationary space with centro-symmetric mass-distribution, viz.: 


y 


This space is characterized by the following three geometrical properties: 
1. It admits the group of motions G, (Assumption L). 
2. The three subspaces S,, So, S, possess rotational mobility about the 
r-line (Assumption J/). 

3. The sum of the three principal Riemannian curvatures of the space S; 

is zero (Assumption 1). 
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Assumptions L, ./. and N* are equivalent to the physical assumption 
that in the gravitational field outside the mass the tensors 7’, all vanish. 
In fact Einstein's equations are 

Sal 


(49) Gi = 0, 


where / is the Newtonian gravitation constant. But from (40) we have 

and since = K; 0 and K5 K;. it follows that G; Go Q. It 

the values of g, and 1-+y. are substituted in the expression for G2 and G; 


we find that they vanish also. 
It will be noted that the principal Riemannian curvatures of the three 


subspaces Ss, Ss. are 

rl r2 4 

If, as has been suggested by Cesaro,+ we put 


K = K;, kK’ xi. > Ki. 


and define A. A', A* as the mean curvatures of the respective spaces, 
we have 

THEOREM VI. The subspaces Sz. and of a static time-space (45) 
with centro-symmetr i mass distribution have their mean curvatures equal 
to zero, and the three principal curvatures of any subspace ave respective ly 
equal to the corresponding principal curvatures of any other subspace. 

(bh) K,+K.+ Ks const. 3/R*, We have trom (43) 


3 
pre" Rk? 
or 


R? 


* L, M and N are also equivalent to postulates I—V of Eisenhart’s paper The permanent 
yravitational field in the Einstein theory, Annals of Mathematics, ser. 2, vol. 22, No.2: 
December, 1920. 

+ Ernesto Cesiro, Lezioni di Geometria Intrinsica, Napoli, 1896, p. 223. 


a 
*, 
| 
| 


1925} THE GROUP OF MOTIONS OF AN EINSTEIN SPACE 933 


integrating, we have 


(DO) 


Let C =U; the linear element of S;, is 


(51) —ds* + Ady") —c* (1 dt’. 
hk? 


This solution applies to the space inside of a homogeneous sphere of matter 
provided the inertial density (Tragheitsdichte) is assumed to be zero. * 
lf we caleulate the Riemannian symbols we find 


l 
(ik, ik) ii Akk, (ih, rh) | hh, 
which means that the curvature AK, = 1/R* (LL. Bianchi, Lezionz, vol. 1, 


p. 344). The group of S, is therefore the maximum 4, of non-euclidean 
rotations and translations, and that of S, is the corresponding G,;. Gs does 
not belong to S,, while the group G, remains as a subgroup of Gi). The 
space (51) is usually referred to as De Siitter’s space. 

(c) If in (50) we let the constant C' differ from zero, we may put 
(‘= and we have 


The space to which this solution applies is that of a shell of thickness 
a—b. R is supposed to vary between the limits ) > R<a.t Since 
the shell acts on the region outside of it like a Newtonian masspoint m 
determined by the relation 


*H. Weyl, Raum, Zeit und Materie, 4th edition, p. 232; F. Kottler, loc. cit., pp. 488-439. 
Kottler assumes that the cohesion pressure equals the entire energy of the mass, i. e. 
j2== e—p = 0 where ¢ is the energy and p the cohesion pressure. See also H. Weyl, 
loc. cit., p. 254, and p. 256. 

7 F. Kottler, loc. cit., p. 493. He obtains this solution by assuming that the space has 
no inertial mass, i.e. the cohesion pressure p = <. Kottler’s solution has not been accepted 
by Einstein, who prefers the one obtained by Schwarzschild (equation 55). 


he? 
? km a” 
hk? 
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we have, for it, 


R? yt? 1 


(d) We shall consider the case where K, + K.-+ Ky is inversely pro- 
portional to the fourth power of the “distance” + from the mass-center, 
We have 

191 


(53) K 


or, since we are still working under assumption J, 


° 
/ 
Integrating we have 
“ 
S, has therefore the linear element 
B “ 
|— 


which has been obtained by Weyl.* He considers a sphere having a New- 
tonian mass m and a static charge e. If we put 8 = 2a and « = ke?/c*, 
where a= km/c*, we get the identical form due to Weyl. The group 
of the space (54) is G,. assumptions L and JM hold, while for N is sub- 
stituted (53). This space, and the two preceding ones, belong to a class 
of spaces characterized by the property of having the sum of the three 
principal curvatures of S, equal to a function of the distance from the 
mass-center, assumptions 1 and W/ being valid. We find for the value of », 


(v) Let us retain assumption L. Instead of M. i.e. Ki — K3, we put 


M': Ki = 


H. Weyl. loc. cit., pp. 236-237. 


4 
4 
| 
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and let, as before in case (b), 
N’: K, Kz 


y, and gy must now satisfy the following differential equations obtained 
from (42): 


r?(1+ qe) r(1+ qe)? kR?’ 


r@, 29; 29,(1+4,) 


Integrating the first equation, we find 


we let C' be equal to zero and substitute the value of g. in the second 
equation and integrate; the result is 


where « and @& are integration constants. If we determine the initial value 
of g, in such a way that for , — R we have 


we vet 


and the linear element of the space S, is 


ds* +- 4 sin* 


t 


4 
l 
r h* 
R? 
| 
| 
5 
| | 
( 
R* 
— 
Rk? 
——| dt?, 
15 
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which is Schwarzschild’s solution for the gravitational space within a liquid 
sphere of radius a. The group of S; is obviously G,, but G; does not 
belong to S,. The condition C = 0 is equivalent to 


S, is therefore a space of constant curvature. Assumptions 1, MW’, and P 
determine completely the Schwarzschild solution (55). 
9, The case y4,, const. If go is constant, the equations (43) become 


Ki—Ki=0. Ki=:Ki=—0, K.=K,=K; 


2r(l+qz) 


K, ¥2 
ge) 


The group of S, is the systatic G,, and, since go is constant, the trans- 
formation 6//0/ is a translation (Theorem II). The space S; can therefore 
rotate freely about the /-line as geodesic axis. We shall consider the 
following cases: 


K,+ K.+ K, 0. We have 


wo (| = U 
Integrating we tind 
l 
« 
where « is the integration constant. If « 0. the space is euclidean. 


« +0 does not correspond to any physical space, since the velocity of 
light is constant. 

(hb) K,+K.+K, 3/R*. This case gives us the Einstein-Schriédinger 
solution for a closed space with incoherent mass in static equilibrium, * 


* E. Schridinger, Uber die Lisungssysteme der allgemeinen kovarianten Gravitations- 


gleichungen, Physikalische Zeitschrift, vol. 19 (1918), p.20. See also F. Kottler, 
loc, cit., p. 483, and H. Weyl, loc. cit., pp. 252-253. 
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Ss is a space of constant curvature 1/R°. The group of S, is a G;, 
namely 3//@1, and G; which belongs also to S;. , G; is systatic, the systatic 
spreads being the geodesic ¢-lines. 

A general time-space (21’) which admits the group G; can be reduced 
to the form (56); for since S, admits the group G,; which is a transitive 
group in Ss, gy, must be constant (Theorem Ill). Hence, the group G; 
completely characterizes the Einstein-Schrédinger solution (56). 

10. A somewhat interesting type of centro-symmetric spaces is obtained 
irom the form (38) by assuming y; — const. Let this constant be R®. 
The transformation 


A, Ro = q, it+gedr dr 


will carry the linear element into the form 


(57) ds? dy? de? + sin® 


» 
dg--—q, dt’. 


yy yl y2 
The prineipal curvatures of the sub-spaces S;, S3, S3 are 


Ky Re? Gi=%; K 0; Ky Ki=0; K3;= K3;=0 
Ve ] 1 Op, G3 
2G, OF 495 \ 69 


S; belongs to a type of L. Bianchi’s normal spaces, namely that one for 
which the three principal curvatures are constant. If the mean curvature 
K = >'K; is positive, it is said to be of type B.* This is here the case. 
The group of the space S; is G, as before, but S,; admits a 4-parameter 
croup of motions, namely G; and the translation 6//dr, the latter not 
belonging to S, except when y, is constant. 

A notable case is where the mean curvature of the space S, is zero. 
We have then 


0 Or" 29; \ or 
Which integrated gives 
l = hk Co e 


*L. Bianchi, Sugli spazi normali a tre dimenzioni colle curvature principali costanti, 
Lincei Rendiconti, ser. 5, vol. 25, 1st semester 1916, pp. 59-63. 


| 0, 
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This space has been obtained by T. Levi-Civita. He assumes that the 
physical space S, is supplied with an electrical potential ¢ = -—Cr. The 
intensity of the foree is ('| Vy‘! and is directed normal to the surfaces 
r const.” 

11. Class of a centro-symmetric space. It follows from a theorem 
due to EK. Kasner that the special Einstein 4-dimensional spread (48) cannot 
be immersed in a flat 5-space. In other words, the linear element (48) 
is at least of the second class.+ The necessary and sufficient conditions 
that a differential form ds* in x-space shall be of the first class are 

1. It must be possible to find a doubly symmetric system of quantities /,, 
(coefficients of the second differential form) such that 


(a) (rk, th) bie 


2. The system /j; must satisfy the differential equations 


/ ] n 
()) \ ht Vit 0. 
0S; t | t | | 


Equations (7) and ()) are known as the generalized equations of Gauss 
and Codazzit for a euclidean n-space. 

Starting with the general centro-symmetric space (21) we shall proceed 
to find the conditions (a). Caleulating the Riemannian symbols (7k, 7h) 
we find that they all vanish except the following: 


: 4 yo Or 4 ps or 4%, oft of 
(13, 13) (12, 12) sin*4@: 
58) (10,10) = — ner 
(98) 2 et at Or 87 


4, \ or] 4y, Ot of ’ 


4%, | of 4. or 


T. Levi-Civita, Realta fisica di alceuni spaci normali del Bianchi, Lincei Rendiconti, 
ser. 5, vol. 25, Ist semester 1917. 


7 E. Kasner, The impossibility of Einstein fields immersed in a flat space of five dimen- 
sions, American Journal of Mathematics, vol. 43, pp. 126-129. For the definition 
of class see Ricci and Levi-Civita, Méthodes de calcul différentiel absolu, Mathematische 
Annalen, vol. 54, p. 160. 

tL. Bianchi, Lezioni di Geometria Differenziali, 2d edition, vol. 1, p. 462. 


8 1925] THE GROUP OF MOTIONS OF AN EINSTEIN SPACE 239 
4g. Or or 4s aft 
Oy, 
"49, of at 
(03, 03) (02, 02) sin? 4; 
0” Off. Oe 
(12. 02) fr Psy Ps 
2 drat 4g. Ot 47 4g 07 af 


(13.03) = (12, 02) sin? 4. 
Equations are now 


bos = Dog = Nis bos 


3 


Dis 0, do, bes = (12, 02), 

(59) Do, beg = (13, 03), Doo bss = (03, 03), Boo bsg = (02, 02), bi; dss (13, 13), 
bee bss = (23, 23), bes = (12, 12), — = (01, 01), 

from which we derive the relations 


hoo (12, 12) (02, 02) (12, 02) 
hss (13, 13) (03, 03) (13, 03) ° 


that is, we have the following two conditions: 


) (12, 12) (03, 03) (O02, 02) (13, 13), 
(itz) (12, 12) (13, 03) (13, 13) (12, 02), 


which are satisfied by (58). We also find the following values for the non- 
vanishing /’s: 


2 (02,02)? (12,12)? (12. 02)? 
how D 9 D 9 dD, Dio D 
where D (23, 23)/sin*@. Substituting in the last equation of (59), we 
obtain the condition 

(ds) (02, 02) (13, 13) = (01, 01) (23, 23) -+ (12,02) (13, 03), 


which is not satisfied for a general space (21’). 

Suppose now that the condition (a@;) is satisfied. A rather long, but 
not difficult, calculation will show that the b’s also satisfy the Codazzi 
equations (b). We have thus proved the 


4g, Or Ot’ 
| 
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THEOREM VII. A necessary and sufficient condition that the general centro- 
symmetric space (21') shall be of the first class is 


(a3) (02, 02) (13, 13) (O1, 01) (23, 23) + (12, 02) (13, 03). 
Let the space (21') be static, and reduced to the form 
(38) —ds* (1+ @.) 77 (de® + sin? df’. 


The condition (a,) becomes 


L Pi Pe 
> 

which integrated gives 

(@i)* 
(60) 9, = 

4 fi 


This condition being satisfied, the spread (38) may be represented in a flat 
j-space, the coérdinates being 


rsin@ sing. r sin cos@, rs r cos 4, 
= kV 9, cos —, rs kV sin 
i 
where it. Henee 


A necessary and sufficient condition that the static centro-symmetric 
space (38) shall be immersible in a flat 5-space is 


k? (q})* 
(60) = 
4 


12. Particular spaces which occur in the theory of relativity and for 
which the condition (60) is satisfied are the following: 
1. De Sitter’s space (51); 9, e(1—r/R*), 1+9. 
2. All spaces for which doo y, is constant (Einstein’s cosmic space). 
3. The Schwarzschild solution for a space inside a liquid sphere of radius ap 
(equation (55)). The coérdinates of the 4-spread are 
= rsindésing, Tg = rsiné cose, ry = rcosé, 


r? ct / ct 
[3.6 | | cos aR? ? [3.0 | sin aR 


* 
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This surface is a 4-dimensional torus generated by revolving the 3-dimensional 
sphere 

( —3 (ly r)* + +> t 
in such a way that the center describes the circle j-+ 22 = (Saor)?. The 
equation of the torus is 


2 


es 


x;—r*(1 + | 36 a; 


Since 4,* we have 3a so that the generating sphere does not 
intersect the z,, 72, 7; and 2,-axes. The space inside the liquid sphere 
in S; is represented by a 3-dimensional spherical cap on the generating 
sphere defined by the limit << a2 <7*(1— a?), and the corresponding 
time-space by a 4-dimensional zone on the torus generated by the revolution 
of the cap. 

13. We have seen that the space of an Einstein solar field is at least 
of the second class. We shall prove the following general 

THEOREM VIII. The linear element (21') for which the condition (a3) is 
not satisfied is of the second class. 

The transformation 


g(r, t) = FF, Hirt) = 7 


will carry (21') into the form 


(21"") ~ds* —y, R?(d6°-- sin? 6d 9") 
or 

— ds? do? +- ds- a -+-(9,—1)d R 
(61) 


Consider the linear element 
(62) do? = R*. 
By the general theory of surfaces, if the Gaussian curvature of the 2-spread 


(62) differs from zero, it is always possible to find three functions 7, z;. 
and x, of R and T such that 


daz + da, = do, 


H. Weyl, loc. cit., p. 242; a = ro and » = a in Weyl’s notation. 


° 
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and the linear element (61) may be put in the form 


where 
r, = Rsinésing, ry = Rsinécos¢, Ls Reos@. 


The 2-spread whose coérdinates are and we shall call the auxiliary 
surface. 

If the Gaussian curvature of the 2-spread (62) is zero, it will be possiple 
to express do in the form do? = dx} + that is, the linear element (61) 
is of the first class. We find 


K = | 
2) Pi | a7 Pi P2 oT 


| OR 


or, putting A equal to zero and simplifying, 


(63) 
1) | aR aR | 


But this is precisely the condition (as), as is easily seen on calculating the 
requisite Riemannian symbols for the form (61). 


In the exceptional case 9, const. no transformation is necessary; 
(a;) reduces to (10, 10) 0, that is, the Gaussian curvature of the 
2-space do® = — 9, d+ y.dr* must be zero. This condition is not satis- 


tied for the space (21’), ys; being a constant; it is therefore of the second 
class. Hence, the space (57) is also of the second class. 

A necessary and sufficient condition that a 2-space (w,) shall be of 
class zero is that it shall admit an abelian group 0//du, 6//év as a group 
of motions. This is the group-property which characterizes all surfaces 
of zero Gaussian curvature. The condition (a,;) reduces, in the case of 
the transformed element (21”’), to the simpler form 


(02, 02) (13, 15) (OL, O1) (23, 23). 


which by (63) is equivalent to the condition that the sub-space » = const., 
4#—= +iR-+ const., or the space (62), shall admit an abelian group (@, 


| 
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of two parameters as a group of motions. Theorems VII and VIII may 
therefore be stated thus: 

A necessary and sufficient condition that the space (21'") shall be of the 
first class is that the sub-space (62) shall admit an abelian group Gy as 
u group of motions. A 4-space which admits the group G,, i.e. the space 
(21'), és at most of the second class. 

A similar statement holds for spaces (21') for which y; = const. 

14. Let the space be static and its linear element written in the form 


ds* dR? -+- + sin® @dg*) + yod R? + y, aT*, 
where 7 —/f. The spread has the coérdinates 


sing, ro== RsinOcosy, Reosé, 


7 | |».— r, @, cos kV sin 


The auxiliary surface is a surface of revolution generated by revolving 
the curve 


| 
{| 49, dk, "5 kl 


about the w,-axis. The surface ., Asing, Reosg, VgsdR 
is a generalization of Flamm’s quartic surface.* 

If in (64) we put (pt)? = (4//*) 9, 92, 7, = 0. and the linear element 
is of class 1. If we put — yy @e/R) and k 1, 
we get the representation of the Einstein solar field in a flat 6-space which 
was obtained by Kasner in a slightly different form.7 

15. Static spaces which are not centro-symmetric are in general of a class 
higher than 2. Thus the general static space 


(65) + 9,425 + = it 


H. Weyl, loc. cit., p. 236. 

7 E. Kasner, Finite representation of the solar gravitational field in a flat space of six 
dimensions, American Journal of Mathematics, vol. 43, pp. 130-133. It follows as 
a corollary from Theorem VIII that a general space (21') can be conformally represented 
on a flat 5-space, and, when (a;) is satisfied, on a flat 4-space. The space of an Einstein 
solar field can therefore not be represented conformally on a euclidean 4-space. 
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is of the fifth class, or one less than the maximum. To prove this we 
shall write the element in the form 


(65') —ds? = go (dx? + de’), 


But a general curved 3-space may be immersed in a euclidean 6-space 
so that we have 


6 
ae “Wo die dy: | 
1 


the y's being functions of #,,.72,.73;. The space (65) is thus represented 


conformally on a euclidean 7-space. Such a space may be immersed in 
a euclidean 9-space; for, write 

a> = Jo °° 23 Yo Yas 

«8 + <9 | Yos Yo (> 


and an easy calculation shows that 


Since a 4-space which admits a group G, as complete group of motions 


can always be reduced to the form (65) it follows that such a space is of 


the fifth class. 

If 0f/0.9 is a translation, g is const. and (65) is of the third class. 
If, in (65'), the sub-space do* admits the group 
are functions of x, and z, alone. As will be proved in § 16, a 3-space of 
this kind is of the first class, i. e. it can be immersed in a euclidean 4-space. 
(65) is therefore of the third class. 

16. Let the space (65) admit the abelian group @,//0.7%5, @//0.rc, as 
complete group of motions, in which case the g’s are functions of 2 and xz 
alone. We shall prove that (65) is of the third class. We write (65) 
in the form 

—ds? = + 9,422; 


do* is the line-element of a 3-spread in a euclidean 4-space. To prove 
this we calculate the Riemannian symbols, of which the following are 
non-vanishing : 

(10, 10), (20, 20), (12, 12), (10, 20), 


a 
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and set up the Gaussian equations for the calculation of the }’s. We find 


bus (10. 10), boo bes (20. 20), boo == (10, 90), 


boo — Vig = (12, 12). 


These equations determine the ’s and they also satisty the four Codazzi 
equations, which we shall not take the trouble of writing here. The line- 
element is now 
lf we put 
Ye + Yi Ys Ys Yi Ys» Ys Ys 
we have the final result 


6 


» 
(66) — dy: d yz 


If 0f/02, is a translation, g,; is constant and the 4-spread belongs to 
a euclidean 5-space. Its class is 1. 

A notable space of this kind is Weyl’s cylindrical and static space 

ds? +t dv?) t+ rae 
J 
which is of the third class and admits the group 0//@¢, 07/06 as a com- 
plete group of motions.* If hf=— 1 we have the static centro-symmetric 
space of class 2 which admits a G,. 

17. Let the 4-space admit the group 0//0.2), 0//073, 0//8x2; it is found 
that no reduction in class takes place. The space is of the third class 
as in the preceding case. 

It thus appears that the complete group of a 4-space (65) determines its 
class, at least in the case of the abelian group, the group G; of “rotations” 
and the group of “translations.” Whether this is true for all the groups 
of motions in a 4-space is an open question that might be worth while 
answering. Fubini’s classification of 4-spaces (vols. 8 and 9, Annali di 
Matematica) would here render a notable service. It should however be 
noted that the group of certain sub-spaces will also play a role in the deter- 
mination of the class. 


*H. Weyl, Annalen der Physik, vol. 54, pp. 134-137. 
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A GENERALIZATION OF LEVI-CIVITA’S PARALLELISM 
AND THE FRENET FORMULAS’ 


BY 


JAMES HENRY TAYLOR 


Introduction. In the Riemann geometry of x dimensions the are length / 
of a curve is given by the value of an integral of the form 


(1) / | | du, 


where the coefficients y,,3 are functions of ry +++, only, and where the 
notation implies that @ and # are summed from 1 to #. The vector analysis 
of such a geometry has been rather systematically developed.+ Levi-Civita 
has developed a theory of parallelism{ for the Riemann space, in which 
a vector £ defined at each point of a curve is said to remain parallel to 
itself as it moves along the curve if it satisfies the system of equations 


where {a@ 8,4} is the Christoffel symbol of the second kind formed with 
respect to the coefficients y,, occurring in the expression (1) for the are 
length. He has shown that if S, and & are two variable veetors which 
are defined for each point of a curve, and which satisfy equations (2), 
then the angle between the vectors remains constant as they move along 
the curve. 


* Presented to the Society, April 19, 1924. 

This paper is essentially as submitted for a thesis to The University of Chicago, and 
was prepared with the cooperation of Professor G. A. Bliss. 

+ Some of the more recent works treating of this subject are 

D. J. Struik, Grundziige dev mehrdimensionalen Differentialyeometrie, 1923, which also 
contains an excellent bibliography: 

F. D. Murnaghan, Vector Analysis and the Theory of Relativity, 1922: 

A. 8S. Eddington, The Mathematical Theory of Relativity, 1923: 

G. Ricci et T. Levi-Civita, Méthodes de calcul différentiel absolu et leurs applications, 
Mathematische Annalen, vol. 54 (1901), pp. 125-201. 


'T. Levi-Civita, Nozione di parallelismo in una varietd qualunque et conseqguente 


specificazione geometrica della curvatura Riemanniana, Reudiconti del Circolo Mate- 
matico di Palermo. vol. 42 (1917), pp. 173-205. 
246 
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In the present paper a more general space is considered in which the 
are length is defined by the value of an integral of the form 


mn 
(3) i= | «0s, pau. 


The geometry of such a space has been considered by Finsler. 

The measurement of vectors and angles in a Riemann space is with 
respect to the matrix of coefficients y,,. In the more general space here 
considered the matrix used for this purpose is 


bd 

OF oF LP 


and hence in general the angle between two vectors depends upon a para- 
meter direction, as well as upon the point in space at which the vectors 
ure taken. An interesting geometric interpretation is given to this situation 
in terms of the “indicatrix’” of the calculus of variations associated with 
the integral (3), and a quadratic manifold which osculates the indicatrix. 

In the present paper a differentiation operation corresponding to the 
left member of (2) is developed, and by means of it many of the results 
of Levi-Civita are generalized for the more general space here under 
consideration. 

Blaschket by means of the parallelism of Levi-Civita has derived the 
Frenet formulas for a twisted curve in a Riemann space of » dimensions. 
By following a method analogous to that of Blaschke, and making use of 
the extensions of the notions of parallelism and the measurement of angles 
which are here developed, it is found that the Frenet formulas may be 
obtained for any space in which the are length is given by (3). 

1. The functions /' and /. Let the equations of a curve C in an 
n-dimensional space be 

re (uy), u te (« 
We suppose the space to be such that the are length / of the curve is 
given by the value of an integral of the form 


*u 
(3) | Fis, a')du, 


P. Finsler, Uber Kurven und Fliichen in allgemeinen Riiumen, Dissertation, 1918. 
7 W. Blaschke, Frenets Formeln fiir den Raum von Riemann, Mathematische 
Zeitschrift, vol. 6 (1920), pp. 94-99. 
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where we have employed the vector notation « and «’ to represent the 
vectors a2") and (a",---, respectively, and where the primes 
denote derivatives with respect to «. A necessary and sufficient condition 
that the value of the integral (3) shall be independent of the parametric 
representation of the curve along which the integral is taken is that 7 
shall satisfy the homogeneity condition* 


(4) F(a, x2") z~-O0. 


We shall suppose the function / to be positive and to satisfy the con- 
dition (4) at every point of the region of space which we are considering. 
Furthermore it will be assumed that the quadratic form 


where the symbol defined by 0° dx’? has been introduced 
for convenience of notation. Here « and 8 are summed from 1 to n, as 
will be always understood in the following whenever an index letter occurs 
twice in the same term. The curve C and the function /’ will be considered 
to be real and to possess such continuity properties as may be required 
in the subsequent development. 

As a consequence of the homogeneity condition (4) the relations 


(5) = F, = 0 


are identically satisfied. 
Let a function f(a, «’) be introduced by the equation 


r= 
where now / = F'*/2 satisties the homogeneity condition 
(a, flz, x’), z>0, 


and the resulting identities obtained by differentiation, 


J 


JS upy 4 0. Jug Fs FF 


Here the subscripts applied to / indicate the partial derivatives with respect 
to the corresponding «’ variables. We assume the determinant //,; to be 


* 0. Bolza, Vorlesungen iiber Variationsrechnung. 1909, p. 199. 
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different from zero and denote by /‘” the element of the reciprocal matrix 


corresponding to Then 


(7) 


where 05: 1 and 05 =( for 8 ¢«. This assumption that the determinant 


tag ¢ 9 may be shown to be equivalent to supposing the / function ot 


the caleulus of variations to be non-vanishing.* 

Consider the “indiecatrix” of the caleulus of. variations’ associated with 
the integral (3), and which is defined to be the manifold in the space of 
the variables determined by the equation F'(., 7’) — 1, where we regard 
as fixed. On account of (5) and (6) the equation of the indicatrix may 
be given the form 


The equation 


for a fixed .. and v defines another manifold in the a space, which may 
well be called the osculating indicatrix, since it has contact of the second 
order with the original indicatrix at an arbitrary point 0° = + on itt 
In the Riemann geometry these two manifolds are clearly coincident. 

2. Tensors and invariants. Let the equations 


i 7 Jj n nt 
Ou 
(8) 
x y*), y 
: 


where the primes denote derivatives with respect to w, define a regular 
extended point transformation 7’ and its inverse. We record here for future 
reference some relations obtained from (8): 


For a definition of the F; function and some of its properties, see M. Mason and 
G. A. Bliss, The properties of curves in space which minimize a definite integral, these 
Transactions, vol. 9 (1908), p. 441. 

For a proof of the statement made above, see J. H. Taylor, Reduction of Euler's equations 
to a canonical form, Bulletin of the American Mathematical Society, vol. 31 
(1925). 

7 C. Carathéodory, Uber die starken Maxima und Minima bei einfachen Integralen, 
Mathematische Annalen, vol. 62 (1906), p. 456; also Bolza, loc. cit., p. 247. 

t P. Finsler, loc. cit., p. 42. 


fa 
16 
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2 ast 
wi OY 
Aad i 
ao 
Or 
(9) 
yf 04% 
sé th wt 
Oy 
da? da" oy oy oy 
Oy oy Ox 
(11) —- = 
Ox! OY OY 


In most of the literature dealing with the tensor analysis the tensor 
components or coefficients are considered to be point functions. In the 
present paper, however, the tensor components will be allowed to be 
functions of “',---,..” and their derivatives with respect to a_ scalar 
variable w.* With this extension in mind we adopt the formal definitions 
of tensors which are given in the books dealing with the subject.t Any 
set of quantities (2, 2’, (@ 1,---,) which transform 
by the extended transformation 7 into » new quantities Y‘(y, y', y”.---) 
in such a way that . 

OM 

will be called a contravariant tensor of rank 1. Of course the substitution 
from one system of coérdinates to the other must be completely carried 
out by adjoining to (8) and (9) corresponding relations involving higher 
derivatives if necessary. A covariant tensor of rank 1 is a set of m quan- 
tities Y,, which transform by 7’ into 


If a set of x* quantities X 


P 


3, transform by 7’ into 


ri ra OY’ Oat 

Oy! Oy 
they are said to constitute a mixed tensor, contravariant of rank 1 and 
covariant of rank 2. The extension of the definitions to tensors of any 
rank is immediate. 


* For some examples of tensors of this kind see F. D. Murnaghan, loc. cit., p. 88. 
7 D. J. Struik, loc. cit., p.17; F. D. Murnaghan, loc. cit., p.17; A. 8. Eddington, loc. cit.. 
pp. 51-52. 


= 


, on 

= 

OY 
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Denote by h(y. y’) the result of transforming f(r, 7’). Then 


= 2") 
and hence 


by (11), that is, 0f/07’“ is a covariant tensor of rank 1.* A second 
differentiation gives 


Ox? 


Therefore, fgg = 0°//02"° dx’? is a covariant tensor of rank 2. Similarly 
hupy 0 Sup/ Oa!” is a covariant tensor of rank 3. From the facet that fis 
is a covariant tensor of rank 2 it follows that /“? is a contravariant tensor 
of rank 2.7 

We define the inner product of two contravariant vectors (tensors of rank 1) 
£, and & to be the value of the bilinear form 


The value of this form is an ¢nvariant under the transformation 7.7 
Note that in general the inner product of two vectors depends upon a 
parameter direction vector +; in case it does not it can be shown that 
the space is Riemannian.§ It will be observed, however, that the value 
of (§,, §), is independent of the magnitude of 7 since /,, is homogeneous 
of degree zero in a’. It the directions §, and & are such that (&,, &.), 0. 
they will be said to be orthogonal-,. The value of the quadratic form 


will be taken as the +-norm of §. To justify this terminology it will be 
desirable to show that the value of the form (§, §), is always positive 


KF. D. Murnaghan, loc. cit., p. 88. 
7 F. D. Murnaghan, loe. cit., p. 42. 

F. D. Murnaghan, loc. cit., p. 40; A. 8. Eddington, loc. cit., p. 53. 
$ See P. Finsler, loc. cit., p. 40. 


F 
oh Of Ox Ox 
| 
On or’ oy Oy 
So — ($1, (S,. 
<p 
(&, §), Sup 
16* 
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and greater than zero unless § = (0.---, 0), in which case it is obviously 
zero. Expressing f;,3 in terms of #’ we have 


2 


(§, 5), (Fy FF 


the arguments in F being x and +. Under the hypotheses of § 1 these 
two terms cannot vanish simultaneously. For, the first term is zero only 
when & is transversal to r.* Moreover it follows from the condition (5) 
that a direction transversal to r is different from 7+. The second term in 
the expression for (§, §), vanishes only for § = 7, in which case (F% §*)* 
becomes F'* > 0 by (5). A vector whose norm is 1 will be said to be unitary. 

It will be noticed that these invariants as here defined are not associated 
directly with the indicatrix as are the corresponding ones in the case of 
the Riemann geometry; they do, however, bear a similar relation to the 
osculating indicatrix. In the case of two orthogonal-r directions the 
situation may be characterized as follows: If £, and §, are orthogonal-,, 
they are conjugate directions in the sense of analytic geometry, not with 
respect to the indicatrix, but with respect to an osculating indicatrix which 
is uniquely determined by +. 

3. Generalization of Levi-Civita’s parallelism. Let Y be a contra- 
variant tensor of rank 1, 


Differentiating with respect to « we obtain 


du du Ou ox ox 
In the case of the Riemann geometry, the elimination of 6°y”/ 02" 02° 
from the last term by means of the Christoffel transformation equations? 
leads to a contravariantive expression, 

du 
which forms the basis of many of the results of the paper by Levi-Civita 
on parallelism,t and is the differentiation process used by Blaschke in 
obtaining the Frenet formulas for a Riemann space.$ In the more general 


* 0. Bolza, loc. cit., p. 303; P. Finsler, loc. cit.. p. 36. 

7 A. S. Eddington, loc. cit., p. 66; F. D. Murnaghan, loc. cit., p. 92. 
t T. Levi-Civita, loc. cit. 

$ W. Blaschke, loc. cit. 


x 
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space under consideration here it is possible to make a desirable substitution 
for the coefficient of Y“ in (12) which will give a generalization of the 
expression (13) having many of its properties. 

The Christoffel three-index symbols are defined as follows:* 


4 1 fui Of Seep \ 
(14) [a B, A] [Ba,4]. 
CL Cu 

(15) {a 8,4} = Fug = = 
They satisty the relations 

and 
(17) B,4)+[48, «| 


ln the present instance these symbols are functions of » and 2’, as they 
are formed from the Sup x, x’). In taking the partial derivatives with 
respect to x the x’ variables are treated as constants. 
We have seen that /,3 is a covariant tensor of rank 2, i. ¢., 

ba? 
ik” Yap 
Let us differentiate this identity with respect to y/, remembering that the 
right member is not only a function of y through » but also through 2’: 


y/ “B\ 9 yi dy dak Oy" ay! 
( 18, ) 
Ou Our C Ba? Ba? 
i k j i j Sep; 
Oy Oy Oy Oy 
Now form the two similar expressions 
Oy doy OY oy oy dy 


*L. Bianchi, Lezioni de Geometria Difjerenziale, 1902, vol. 1, pp. 64-65; F. D. Mur- 
naghan, loc. cit., p. 89. 


| 
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62a? 


k J 


One half the sum of the first two of these expressions minus the third is 


the Christoffel index symbol [7/, 


dy! by! 


(19) 


(20) 


for the y-coérdinate system, and we find 


OT > CJ 
T | i a 
Oo" OY ( 
i hk 3 


2 4 - 
i ] i tj 
yi ow Ow oy” 
ast o/h h m J 
Oy by" ay 
2 OY ‘ oy 
> 4 
/ 
2 by by! Bay 
A ; 
OY yf OY 


where the terms have been grouped to facilitate the next reduction. The 
last two terms of the right hand expression reduce to zero by the third 


of (6). Remembering the contravariant properties of 1", 


and substituting 


for dz'7/dy/ from (10), it is seen that the above equation reduces to 


A ( « 
» i Japy m Dat 
oy oy oy” oy oy 


(18s) 
| 
Multiply (19) by dy") y” and obtain 
4 
pam 
i / 
J 
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By (7), (15) and (9) this becomes 


2 
4! 


and henee 
oy 
92 44 
ay! by! g 


where the covariant property of /,,3, has been made use of, and where 
the quantities in the parentheses have been made symmetric by an inter- 
change of y and / in the second term of the left hand expression. Inter- 
changing « and y with a corresponding change in the index letters gives 


«ep > at 
: 
07 


By means of this relation (12) becomes 


du + Vj + iim) ) 


Hence we have the conclusion 
If X® is a contravariant tensor of rank 1, then @X® is also a contra- 
variant tensor of rank 1, the 0-process being defined by the equation 


d « 3 | Pg 30 


An analogous differentiation process may readily be established for a 
covariant vector. For, let Xe be a covariant tensor of rank 1. Then 


| | 
in 
dy 
| 
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from which 


ay; 
? 
oy’ 


du du Oy! 


Substituting from (21) this reduces to 


du “+ Y hi jx jim | 


We therefore have the theorem 
If Xe ts « covariant tensor of rank 1, then 


tensor of rank 1, the 0-process in this case being defined by 


(24) 


is also ¢ 


| April 


Y 


t covariant 


Let us consider one more special case, that of a covariant tensor of rank 2, 


By differentiation we obtain 
d Vij dX,, rh Ou” \ 
——-y ——-+ 
du du yf y" Oy! 
By means of (21) this equation becomes 
ay;; alt aad 
du du 
l 
” h 
2 Oy 
ap J ) Susy J yi 
bal 
ik Y jh ay” 


By! dy 


fst 
| 
2 
Ou 
| Oy! 
a 
dy/ | 
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and hence 
(Vix m | Vnj— (7 ry hn, jikm | Vin 
anu 
d Xpy r l pe) \ 
d up 2 J J up; J } 
‘ 3 l 3a dat ax” 


which shows that the quantity in the brackets on the right is a covariant 
tensor of rank 2. 

Evidently the differentiation process 4 applies to a tensor of any type 
and rank and yields a tensor of the same type and rank. The general rule 
may be formulated as follows: 

To find the result of the 6-operation with respect to a curve 


when applied to a tensor XN... of any type, form the derivative 
ax..... 
du 


and for each contravariant index add 


1 
and for each covariant index w, N-iin., subtract 


& ] my pa 


We now consider the application of the differentiation process to a product. 


Suppose € and y are each covariant vectors. ‘Then 


Amy 


is a covariant tensor of rank 2. Consider the expression 


a pe 
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Therefore, the distributive rule for the 9-process applied to a product of 
the form X,, holds as for ordinary differentiation.” 
Consider the mixed tensor Y,« Then 


dg 1 
(25) 


If we contract this tensor in the usual way by equating the upper and lower 
indices we obtain a scalar invariant function S = y,". The expression (25) 
then becomes 


as oq.” as , 
AS 


Hence we have the theorem 

If S is ascalar function expressed as a contraction of a tensor, S f a 
then 08 is the same as the ordinary derivative of S with respect to u. 

Since a product of tensors is a tensor, this theorem is true for any 
sealar function which is expressed as a contraction of tensors. 

In the Riemann geometry the covariant derivative of the fundamental 
tensor 4,3 is zero, and we shall now show that this property generalizes: 


9S ny du Supy F Sur 


l 


0 , , 

By means of (16) and (7) this may be written 
9 ad 2 2 
0, 


by (17). 


* This theorem has been established here for two tensors both covariant but it is easily 
seen to be true for the product of tensors of any type. 


| 
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That is, the @-derivative of the covariant tensor fgg ts zero. 

A direction Y“ defined along a curve (’ in a Riemann space remains paralle/ 
in the Levi-Civita sense* if it satisfies the system of linear differential 
equations obtained by equating to zero the expression (13). The @-process 
here developed is clearly a generalization of (13) since it reduces to the 
latter if f,3 are merely point functions, i. e., in case the space is Riemannian. 
A theorem by Levi-Civitay generalizes at once. 

Let §&, and & be two contravariant vectors which are defined at each 
point of the curve C as functions of x and its derivatives with respect tou. 
Moreover, suppose §&, and & satisfy the system of linear differential equations 


which are associated with the curve. Then if the vectors are measured with 
respect to the tangent direction of the curve C, the norms of §, and &; 
remain constant, and the angle between &, and § remains constant as the 
rectors move along the curve. 


For each of the expressions 


is a scalar function formed by a contraction of tensors, and therefore. 
considering the last one. 


since @f,.3— 0, and §, and & satisfy (26). Hence, each of the three above 
expressions is a constant, which establishes the theorem. 

Let §,,&,---,&, be a fundamental set of solutions of the system (26), 
and suppose 7,, %2.---,%4%n to be a linearly independent set of vectors 


expressed linearly in terms of £,.---.§&, and with the additional property 
that 4,,---.% constitute a unitary orthogonal set.f Then as an immediate 
consequence of the theorem just given it follows that fhe set y,.--+. Mr 


being initially a unitary orthogonal one remains unitary orthogonal all along 


the curve. 


* T. Levi-Civita, loc. cit. 
7 T. Levi-Civita, loc. cit., p. 182. 
A method of determining a unitary orthogonal system is discussed in the next section. 


) 

Jap i 719 Jug 72 32) Se 71 52 
© = Co 
du «ep 1 2 JSS 
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4, Orthogonalization process. Frenet formulas.* Let the equations 
of a curve C be 


where now the curve is referred to the are length ¢ in the sense of (3), 
as the parameter. Such a selection of the parameter is always possible. 
For, if the equations of the curve are given in terms of an arbitrary 
parameter w it follows from the definition of the are length 


that 


is a necessary and sufficient condition that the independent variable be 
the are length. Clearly this condition can always be satisfied by virtue 
of the homogeneous property of F. We shall assume tor the remainder 
of this paper that such a choice of the independent variable has been 
made, and hereafter the primes will denote derivatives with respect to 
the are length ¢. 

As a consequence of the choice of the are length as parameter it follows 
that the tangent vector .’ — dwv/dt¢ is a unitary vector, for by (5) 


The tangent vector 2’, which we denote hereafter by §,, is a contra- 
Variant tensor of rank 1. Then §, #&, is also a contravariant vector: 
likewise &, 6&,,---, where the 6-operation is detined by (23) with are 
length as the independent variable. Hence we can associate with each 
point of the curve a system of contravariant vectors, §&,, &,---. &, 
which are obtained sequentially by repeated application of the directional 
derivative 6, thus 


tri 
tri 
~ 
= 
se 
=~ 
bo 


We suppose this system of vectors to be linearly independent so that they 
will form a basis for the whole vector space at the point of the curve (’ 
at which they are taken. Our first problem is to replace §&,---. &, 
(p 1,---,) by a set of vectors 4,.---,%» Which are equivalent in the 


This section follows very closely the paper by W. Blaschke, loc. cit. 


| 

| 

9 da 

| 
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sense that they detine the same space, and which shall have the additional 
property that they constitute a wnétary orthogonal system. which is defined by 


a, p 7 


where 0, 1 and for k. It is essential for use in the later 
development that this norming and orthogonalizing shall be with respect 
to the tangent direction x’ as is indicated by the notation. 

For simplicity of notation we denote the inner product, (§,, £,).’. by (y.q). 
We now define a set of vectors by the equations 


(1, 1) (1,p—1) &, 
(p,1) +--+ (p,p—-1) 
Then 0 for 1,2,---,p—l.i.e, for p>q. The vectors 
c,. +++, Cy then constitute an orthogonal system; to make them into a unitary 


system it will only be necessary to divide each vector by the square root 
of its norm. Now 


Jus D, 1 (Sap Sp) D, 1 D, 
where is detined by 
(1, 1) (1, p) 
(p, 1) p) 


Since the norm of ¢, > 0, it follows that D,>0O. Hence the system of 
vectors m.-+-,% given by 


(28) = £1. Yp (p = 2,---, 


is the unitary orthogonal system desired. Clearly they are linearly in- 
dependent and form a basis for the whole vector space at the point of the 
curve C at which they are taken. 

The vector 4» being a linear combination, with scalar coefficients. of 
contravariant vectors is itself a contravariant vector. Then 67, is a contra- 
variant vector and can therefore be expressed as a linear combination of 
in the form 


(29) Ay 


(y summed from 1 to 2). 


| 
| 
—— 
(p, 1) -1) & 
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where 


9? 
Py Jap "a? 


the coefficients Cp, being scalars or invariants. Following Blaschke and 
others we call these invariants the curvatures of the curve. 
From 
a 
Jap Np "Ny 0, q; 
we obtain 
9 Sap Ny T Seep (9y,) 0, 
where we have made use of the distributive law for the 6-process applied 
to a product, the fact that 6/.3 = 0, and the theorem that the 6-derivative 
for a scalar function expressed as a contraction of tensors yields the same 
result as the ordinary derivative. Hence 


(30) 0, 


Now gp is a linear combination of §,---, &). from which it follows that 


is a linear combination of or Of i, +++. Only, and 
therefore 
(31) Cng O tor q 


As a consequence of (30) and (31) we see that the matrix of coefficients 
Cy, is of the form 


- 0 
01 
] 
0 0) 
V1 G2 
0 0 0 
where 
Cp 
0 
On 
We now write (29) in the form 
l 


4 


| 
l 
0, 
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These formulas are the analogues of the well known Frenet formulas 
associated with a twisted curve in space. 
It is desirable to compute the curvatures 1/g, in terms of the 6-derivatives 
along the curve. Notice that 
qi 
9) = Sap Sp Sa) 
( 9 fap) Sp + Sup ( 4 Sy + Sap =p ( 6 ) 


= (p+1,q)+(p,¢71) 


since 6/43 0. From (28) 


6 = 
V Dp 


| V Dy 


(2,1) (1,2) (1,1) (2,2) 
l (3,1) (2,2) ely (1,2) (3,2) . 
1) 
Hence 
3 
Op Vy) 
1) 
1 
(p (p—I1.p 1) 0 
V Dp- 1 Dy 
(p, 1) (p,p—1) 
1 1 
Dos, 
V Dp V Dp 
and, therefore, 
(33) 
Cp Dy 


This theorem may be formulated as follows: 
Let af = s(t), te (@ = 1,---,n) be the equations of a curve 
referred to the are length as parameter. Form the system of contravariant 
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vectors §&,,+++, defined by §, x, (k Let these 


vectors be normed and orthogonalized with respect to the tungent direction to 


the curve yielding a unitary orthogonal set 4,,--+, yn of principal directions 


associated with each point of the curve. Then the Frenet formulas may 
he written in the form 


where the pth curvature 1/op ts given by (33). 


Nore: I regret to say that adequate reference has not here been made to the paper, 
A generalization of the Riemannian line-element by J. L. Synge. these Transactions, 
this volume, pp. 61-67. When I returned the proof sheets of my paper, I was aware that 
Mr. Synge had written a paper on the same general subject, but the scanty and indirect 
account I had of his paper did not indicate much overlapping. It was only upon publication 
of Mr. Synge’s paper that an adequate account of his results became available to me. 

The same remarks apply to § 4 of my paper Reduction of Euler's equations to a canonical 
form, Bulletin of the American Mathematical Society, vol. 31 (1925). 

UNIVERSITY OF CHICAGO, 

CurcaGo, In. 
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